COX RINGS AND COMBINATORICS II 



JURGEN HAUSEN 
Dedicated to Ernest Borisovich Vinberg on the occasion of his 70th birthday 

Abstract. We study varieties with a finitely generated Cox ring. In a first 
part, we generalize a combinatorial approach developed in earlier work for vari- 
eties with a torsion free divisor class group to the case of torsion. Then we turn 
to modifications, e.g., blow ups, and the question how the Cox ring changes 
under such maps. We answer this question for a certain class of modifications 
induced from modifications of ambient toric varieties. Moreover, we show that 
every variety with finitely generated Cox ring can be explicitly constructed in 
a finite series of toric ambient modifications from a combinatorially minimal 
one. 



1. Introduction 

In [8], D. Cox associated to any non-degenerate, e.g. complete, toric variety Z 
a multigraded homogeneous coordinate ring 1Z(Z). His construction, meanwhile a 
standard tool in toric geometry, allows generalization to certain non-toric varieties: 
for any normal variety X having only constant invertible global functions and a 
finitely generated divisor class group C\(X), one can define a Cl(X)-graded Cox 
ring as 

K(X) := T{X,0{D)), 
C1(X) 

see Section [5] for more details. We are interested in the case of a finitely generated 
Cox ring. Then one can define the total coordinate space X := Spec7?.(X); it comes 
with an action of the diagonalizable group H := SpecK[Cl(X)]. Moreover, X turns 
out to be the good quotient of an open iZ-invariant subset X C X by the action of 
H. The quotient map p: X — > X generalizes the concept of a universal torsor. Cox 
rings und universal torsors occur in different settings, for some recent work, see [7] 
and [9]. 

In [5] , a combinatorial approach to varieties with torsion free divisor class group 
and finitely generated Cox ring was presented. The main observation is that in many 
cases, e.g. for projective X, the variety X is characterized by its total coordinate 
space X and combinatorial data living in the grading group C\(X). This leads to 
the concept of a "bunched ring" as defining data for X. The task then is, as in 
toric geometry, to read off geometric properties of the variety X from its defining 
combinatorial data. A first part of the present article generalizes the approach of [5] 
to the case of divisor class groups with torsion and obtains similar descriptions of 
the Picard group, the effective, moving, semiample and ample cones, singularities 
and the canonical divisor. 

In a second part, we consider proper modifications X\ — > Xq, e.g. blow ups, of 
varieties Xq with finitely generated total coordinate ring. In general, it is a delicate 
task to describe the Cox ring of X\ explicitly in terms of that of Xq; note that 
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even finite generation may be lost. Our aim is to provide some systematic insight 
by investigating modifications Xi — > Xq induced from stellar subdivisions of toric 
ambient varieties. We figure out a large class of such modifications preserving finite 
generation of the Cox ring and show how to compute the Cox ring of X\ from that 
of Xq in these cases. 

Let us make our approach a little more precise. A basic observation is that 
many varieties Xq with a finitely generated Cox ring 1Z(Xq), e.g. all projective 
ones, admit a neat embedding into a toric variety Zq such that there is a pullback 
isomorphism Cl(Zo) — > Cl(-Xo). Then the toric universal torsor Zq — > Zq admits a 
simple description in terms of fans. Moreover, the inverse image Xq of Xq under 
Zq — > Zq is a reasonable candidate for a universal torsor over Xq, and, similarly, 
the closure Xq of Xq in the affine closure Zq of Zq is a candidate for the total 
coordinate space of X , see Corollary 1 2. 71 for the accurate statements. 

If Z\ — > Zq is the toric modification arising from a stellar subdivision of the 
defining fan of Zq, then one may define a strict transform X\ C Z\ and ask for 
its universal torsor and its Cox ring. The idea is to consider, as before, the toric 
universal torsor Z\ — ► Z\, the inverse image X\ C Z\ of X\ and the closure X\ C 
Z\. These data are linked to the corresponding data for X via a commutative 
diagram 




X\ Xq 



/Hi 



/H 



X\ *- Xq 

where Y\ C Z\ is a variety coming with actions of a finite cyclic group C and 
the multiplicative group K* ; these data can be explicitly computed in terms of the 
stellar subdivision and Xq, see Lemma 15.31 Now a couple of technical difficulties 
show up. Firstly, one has to ensure that X\ is again neatly embedded; this is done 
by restricting to neat ambient modifcations in the sense of 15.41 Next, to ensure 
finite generation of the Cox ring 7£(Xi), we require the neat ambient modifcation 
Z\ — > Zq to be controlled in the sense that H\ permutes transitively the components 
of the minus cell Y 1 QY±. In Theorem 15. 91 we then obtain the following. 



Theorem. Let Z\,Zq be ^-factorial toric varieties and 7r: Z\ — > Zq a neat con- 
trolled ambient modification for X\ C Z\ and Xq C Zq . Suppose that Xq C Zq is 
neatly embedded and Xq \ Xq is of codimension at least two in Xq. 

(i) The complement X\ \ X\ is of codimension at least two in X\. If X\ is 
normal, then X\ — > X\ is a universal torsor of X\ . 

(ii) The total coordinate space of X\ is the normalization of X\ together with 
the induced action of the torus H\ . 

A similar statement holds for contractions, see Theorem 15. 121 The above result 
shows in particular, that the Cox ring stays finitely generated under neat controlled 
ambient modifications. Moreover, starting with an embedding such that Xq is the 
total coordinate space of Xq, see Corollary 13.151 it gives a way to obtain defining 
equations for the total coordinate space X\ olX\ from those of Xq and the data of 
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the stellar subdivision. In particular, for Cox rings with a single defining relation, 
Proposition 17.21 gives a very explicit statement. As Cox rings without torsion in 
the grading group are always factorial, this leads as well to a new construction of 
multigraded UFDs out of given ones, compare e.g. for other constructions. 

As an application of the technique of ambient modifications, we show how to 
reduce Q-factorial projective varieties X with finitely generated Cox ring, to "com- 
binatorially minimal" ones, i.e., varieties X that do not admit a class [D] € C\(X) 
such that [D] generates an extremal ray of the effective cone of X and, for some 
representative D, all vector spaces T(X, 0(nD)), where n > are of dimension one. 
It turns out that a variety is combinatorially minimal if and only if its moving cone 
is the whole effective cone. Our result is the following, see Theorem 16.21 

Theorem. Every Q-factorial projective variety X with finitely generated Cox ring 
arises from a combinatorially minimal one Xq via a finite sequence 

X = X' n *- X n X n _i > X n -i — ^ • ■ ■ — >- x' = x a 

where X- ^Xi is a small birational transformation and Xi >-X' i _ 1 comes 

from a neat controlled ambient modification of 'Q-factorial projective toric varieties. 

The effect of each reduction step on the Cox ring can be explicitly calculated. 
Moreover, this theorem shows that the class of modifications arising from neat 
controlled ambient modifications is reasonably large. As an example for contraction, 
we treat a singular del Pezzo surface, and show that it arises via neat controlled 
ambient modification from the projective plane, see Example 16.101 Going in the 
other direction, we show that the singularity of this surface can be resolved by 
means of neat ambient modifications and thereby obtain the Cox ring of its minimal 
resolution, see Example 17.51 



Here, we introduce the Cox ring of a normal variety X with finitely generated 
divisor class group and show how to compute the Cox ring if X is neatly embedded 
into a toric variety. In contrast to [5], we define the Cox ring also for the case 
of torsion in the divisor class group. For this, we closely follow the lines of [31 
Section 3], where an analogous construction in terms of lines bundles instead of 
divisors is performed. 

In the whole paper, we work in the category of (reduced) algebraic varieties over 
an algebraically closed field K of characteristic zero. By a point, we always mean a 
closed point. 

Consider a normal variety X with T(X, O*) = K* and finitely generated divisor 
class group C\(X). Let D C WDiv(A) be a finitely generated subgroup of the 
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group of Weil divisors mapping onto C1(X) and consider the sheaf of S-graded 
algebras 

S := S D , S D := O x (D), 

where multiplication is defined via multiplying homogeneous sections as rational 
functions on X . Let D° C £) be the kernel of D — > C\(X). We fix a shifting family, 
i.e., a family of Ox-module isomorphisms Qdo : S — ► 5, where I? G 2)°, such that 

• to<>(Sz3) = <Sd+£>° for all D g £>, L>° G £°, 

• toy+D' 1 = tog to? for all £>?, D° G 

• QD a {fg) = fQD°(g) for all D Q £ D° and any two homogeneous f,g. 

To obtain such a family, take a basis D\, . . . , D r of D such that D° is spanned by 
D ? ° := diDi, where 1 < i < s with s < r, choose isomorphisms g D o : So — > 5^0 , 
and, for D° = + • • • + b s D®, define p^o on a homogeneous / as 

to°Cf) := to?(l) 6l "-too(l) 6s /- 

The shifting family (qdo) defines a quasicohcrcnt sheaf of ideals of S, namely the 
sheaf X generated by all sections of the form / — qe>o (/), where / is homogeneous 
and D° runs through D°. Note that X is a homogeneous ideal with respect to the 
coarsificd grading 

S = S [D] , S [D] = Ox(D'). 

[D]eCl(X) D'£D+Z>° 

Moreover, it turns out that X is a sheaf of radical ideals. Dividing the Cl(X)-graded 
S by the homogeneous ideal X, we obtain a quasicoherent sheaf of Cl(X)-graded 
Ox-algebras, the Cox sheaf, set 1Z := S jX let 7r: S — > 7?. be the projection and 
define the grading by 

ft = ftp], ft[r>] := 7r(5 [D] ). 

[D]eci(x) [u]eci(x) 

Remark 2.1. Let s: C1(X) — > J) be any set-theoretical section of the canonical 
map 3D — > C1(X). Then the projection S —> 1Z restricts to a canonical isomorphism 
of sheaves of Cl(X)-graded vector spaces: 

Seam) = Kim- 

[d]ec\(x) [r»]eci(x) 

One can show that, up to isomorphism, the graded Ox-algebra 1Z docs not 
depend on the choices of J) and the shifting family, compare [21 Lemma 3.7]. We 
define the Cox ring 1Z{X) of X, also called the total coordinate ring of X, to be 
the Cl(X)-graded algebra of global sections of the Cox sheaf: 

TZ(X) := T(X,K) T(X,S)/T(X,X). 

The sheaf 7Z defines a universal torsor p; X — > X in the following sense. Suppose 
that TZ is locally of finite type; this holds for example, if X is locally factorial or if 
7Z(X) is finitely generated. Then we may consider the relative spectrum 

X := Spec x (1Z). 

The Cl(X)-grading of the sheaf TZ defines an action of the diagonalizable group 
H := Spcc(K[Cl(X)]) on X, and the canonical morphism p: X — > X is a good 
quotient, i.e., it is an iJ-invariant affine morphism satisfying 

O x = (p*O r ) h . 
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In the sequel, we mean by a universal torsor for X more generally any good 
quotient q : X — > X for an action of H on a variety X such that there is an equi- 
variant isomorphism i: X — > X with q = p o i. If the Cox ring 1Z(X) is finitely 
generated, then we define the total coordinate space of X to be any affine if- variety 
equivariantly isomorphic to X = Spcc(7?.(X)) endowed with the if-action defined 
by the Cl(A)-grading of TZ(X). 

We discuss basic properties of these constructions. As usual, we say that a Weil 
divisor ^]odD, where D runs through the irreducible hypersurfaces, on an H- 
variety is iJ-invariant if ao = a/i-n holds for all h G H . Moreover, we say that a 
closed subset B C Y of a variety Y is small, in Y if it is of codimension at least 
two in Y. 

Proposition 2.2. Let X be a normal variety with T(X, O*) = IK* and finitely gen- 
erated divisor class group. LetlZ be a sheaf of C\(X)- graded algebras as constructed 
before, assume that the Cox ring TZ(X) is finitely generated, denote by p: X — > X 
the associated universal torsor and by X' C X the set of smooth points. 

(i) The Cox ring 1Z(X) is normal and every homogeneous invertible f G TZ-{X) 
is constant. 

(ii) The canonical morphism X — > X is an open embedding; in particular, X 
is quasiaffine. 

(iii) The complement X \p~ 1 (X') is small in X, and the group H acts freely 
on the setp- 1 (X') C X. 

(iv) Every H -invariant Weil divisor on the total coordinate space X is princi- 
pal. 

Lemma 2.3. Suppose that X is a smooth variety, let 3D C WDiv(X) be a finitely 
generated subgroup and consider the sheaf of 3D- graded algebras 

S := 05 D S D := O x {D). 

Set X := Spec x (<S) and let q: X — > X be the canonical morphism. Then, given 
DeD and a global section f G T{X,0{D)), we obtain 

q*(D) = div(/)-q*(div(/)), 

where on the right hand side f is firstly viewed as a homogeneous function on X , 
and secondly as a rational function on X . In particular, q*{D) is principal. 

Proof. On suitable open sets Ui CI,we find defining equations f~ l for D and thus 
may write / = hifi, where hi G T(Ui, So) = T(Ui, O) and G T(Ui, <Sd). Then, on 
q _1 (C/i), we have q*ihi) = hi and the function fa is homogeneous of degree D and 
invertible. Thus, we obtain 

q*(D) = ?*(div(/) + D)-g*(div(/)) 

= «*(div(/N))-g*(div(/)) 

= div(/N)-5*(div(/)) 

= div(/N/i)-«*(div(/)) 

= div(/)-g*(div(/)). 

□ 

Proof of Proposition^^ For (i), let / G 7Z(X)* be homogeneous of degree [D]. 
Then its inverse g G 1Z(X)* is homogeneous of degree —[D], and we have fg G 
1Z(X)q = K*. According to Remark l2.11 we may view / and g as global sections of 
sheaves Ox(D) and Ox(—D) respectively and thus obtain 

= div(/<?) = (div(/) + Z>) + (div(fl)-.D). 
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Since the divsors (div(/) + D) and (div(g) — D) are both nonnegative, we can 
conclude D = div^/" 1 ) and hence [D] = 0. This implies / G U{X)* Q = K* as 
wanted. To proceed, note that X and X' have the same Cox ring. Thus, normality 
ofR(X) = TZ(X') follows from Prop. 6.3]. 

Wc prove most of (hi). For any affine U C X , the set p~ 1 (C/ n X') has the same 
functions as the affine set Thus, p~ 1 (U) \p _1 (C/ n X') must be small. 

Consequently also X \p~ l {X') is small. The fact that H acts freely on p~ 1 (X'), 
is due to the fact that on X' the homogeneous components 1Z[d] are invertible and 
hence each ii-orbit in p~ l (X') admits an invertible function of any degree w G K. 

Before proceeding, consider the group 2) C WDiv(A") and the associated sheaf S 
as used in the definition of TZ, and set X := Spec^ (iS). Then the projection S — ► 7Z 
defines a commutative diagram 

(2-1) X *X 

X 

Wc turn to (ii). Cover X by affine open subsets Xf := X \ Supp(D + div(/)), 
where DeS and / G T(X, O(D)). Then each / defines an element in 7Z(X), and 
hence a function on X and as well on X. We claim 

p-\Xf) = Xf- 

The inclusion "C" follows from the observation that the function / is invertible on 
p (Xf). Using Lemma 12.31 and the above commutative diagram, we obtain 

p-\Xj)np-\x') = x f n P -\x'). 

Thus, the complement Xf \ p~ 1 (Xf) is small. Since p~ 1 (Xf) is affine, we obtain 
the desired equality. Consequently, X can be covered by open affine subsets Xf. 
The corresponding morphisms Xf — > Xf are isomorphisms and glue together to 
the desired open embedding. 

Now wc easily can finish the proof of (iii). Knowing X C X and that both 
varieties have the same global functions, we obtain that X \ X is small. By what 
we saw before, then also X \p~ 1 (X') is small. 

Wc prove (iv). According to (iii), we may assume that X is smooth and we only 
have to show that every invariant Weil divisor D on X is trivial. Since H acts 
freely, we have D = p*(D) with a Weil divisor D on X. Thus, we have to show that 
all pullback divisors p*(D) are trivial. For this, it suffices to treat effective divisors 
D on X, and we may assume that D belongs to 3D. In view of the commutative 
diagram (|2.1[) . it suffices to show that q*(D) is principal. This in turn follows 
immediately from Lemma 12.31 □ 

As an important example, we briefly discuss the case of a toric variety, where due 
to a combinatorial description, Cox ring and universal torsor can be constructed 
explicitly. First, recall that a toric variety is normal variety Z together with an 
action of an algebraic torus T and a base point zq G Z such that the orbit map 
T i— ► Z, 1 1— > t -zq is an open embedding. 

Any toric variety Z arises from a fan in a lattice N, i.e., a finite collection S of 
strictly convex, polyhedral cones in Nq = Q ®i N such that for any a G S also 
every face <7o d & belongs to S, and for any two (Jx,<J2 G S we have a\ D a% di 
The acting torus of Z is T = Spec(K[M]), where M := Hom(7V, Z) denotes the 
dual lattice, and Z is the equivariant gluing of the affine toric varieties 

Z a := Spec(K[cr v n M]), a G S, 
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where ct v C Mq is the dual cone, and the T-action on Z a is given by the M-grading 
of the semigroup algebra K[cr v n M]. There is a bijection from the fan E onto the 
set of T^-orbits in Z, sending a cone a G E to orbit(cr), the unique closed T-orbit 
in Z a . If Q\, . . . , g r denote the rays of E, then the T- invariant prime divisors of Z 
are precisely the orbit closures 

D l z := orbit(ft). 

Now we recall Cox's construction [H]. Suppose that the fan E is nondcgcnerate, 
i.e., the primitive lattice vectors Vi G Qi fl N generate Nq as a vector space; this 
just means that we have T(Z, O*) = IK*. Set F := 7L r and consider the linear map 
P: F — > N sending the i-th canonical base vector e ; g F to Vi G N. There is a fan 
E in F consisting of certain faces of the positive orthant 8 C Fq, namely 

E := {a r< 5; P{v) C a for some a G £}. 

The fan E defines an open toric subvaricty Z of Z = Spec(K[5 v n E]), where 
E := Hom(f,Z). As P: F — > N is a map of the fans E and E, i.e., sends cones of 
E into cones of E, it defines a morphism pz '■ Z — > Z of toric varieties. Note that 
for the unions Wz Q Z and C Z of all at most one codimensional orbits of the 
respective acting tori, we have = p z 1 (Wz) C Z. 

Let us briefly explain, why pz : Z — > Z is a universal torsor for Z. First, observe 
that P : F — > N and its dual map P* : M —> E give rise to a pair of exact sequences 
of abclian groups: 

Q* p 
^ L ^F 







Q 



M ■ 







The latter sequence has two geometric interpretations. Firstly, it relates the char- 
acter groups of big tori T = Spec (K [M]) of Z and f = Spec(K[P]) of Z to that 
of H = Spec (K [K]). Secondly, the lattices M and E represent certain groups of 
invariant divisors, and K is the divisor class group of Z . Alltogcther, one has the 
following commutative diagram. 

(2.2) 




C1(Z) 



WDiv J (Z) 



PDiv J (Z) 



To obtain the Cox ring, consider the groups of divisors D := WDiv T (Z) and 
D° := PDiv (Z), and the sheaf of O^-algebras S associated to D. Then there is 
a canonical shifting family: for any div(x") G 2) it sends a section to x" _u . 
Let X denote the associated sheaf of ideals and set 7Z := S/T. 

Choose any set theoretical section s: K — > E for Q : E — > F, and, for iu G A", 
let D('u;) G WDiv T (^) denote the divisor corresponding to s(iu). Moreover, given 
a maximal T-invariant affine open subset W C Z, set W := p~^{W). Then, for 
each w € K the assignment 



(P*(u)+s(tu)) 
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defines an isomorphism of vector spaces. Using this and Remark 12.11 we obtain 
isomorphisms of sheaves of graded vector spaces, the composition of which is even 
an isomorphism of sheaves of graded algebras: 

(2.3) ©ft[D(«)] = 0CWM) = 0(pz).(<%)« 

w£K w£K w£K 

Passing to the relative spectra, we obtain an 77-equivariant isomorphism Spec z (TV) = 
Z over Z and thus see that pz : Z — > Z is a universal torsor. Consequently, the Cox 
ring of Z is the polynomial ring 0(Z) = 0(Z) = K[E n <S V ] with the if-grading 
given by deg(x e ) = Q(e). 

Finally, we note that H = Spec (K [if]) acts freely on the union W-^ C Z of all 
at most one-codimensional torus orbits. Indeed, is covered by the affine sets 
Zi := Spec(K[g^ n E]), where Qi = Q>o Since P(e{) = Vi is primitive, 

the images Q(ej) G K, where j ^ i, generate K as an abelian group. Since 
the corresponding \ ej are invertible functions on Zi, we may construct invertible 
/ G 0(Zi) w for any w G K. This gives freeness of the iJ-action on W-g C if. 

Now we use Cox's construction to determine universal torsor and total coordinate 
space of certain "neatly embedded" subvarieties X C Z of our toric variety To 
make this precise, we need the following pullback construction for invariant Weil 
divisors of Z. 

Remark 2.4. Let X be an irreducible variety, which is smooth in codimension one, 
and let (p : X — > Z a morphism to a toric variety Z such that tp(X) intersects the 
big torus orbit of Z and X \ <p~ 1 (Wz) contains no divisors of X. Then the usual 
pullback of invariant Cartier divisors over Wz canonically defines a homomorphism 

Lp*: WDiv T (Z) -> WDiv(X). 

Note that tp* takes nonncgative divisors to nonnegative ones. Moreover, one has 
canonical pullback homomorphisms (p*0(D) 0(ip*D) for any D G WDiv T (Z). 
Finally, since C\(Z) is obtained as WDiv T (Z)/PDiv T (Z), there is an induced pull 
back homomorphism for the divisor class groups 

Lp*: G\(Z) -» G\(X). 

Note that analogous pullback constructions can be performed for any dominant 
morphism ip : X — * Y of varieties X and Y , which are smooth in codimension one, 
provided that for the smooth locus Y' CY the inverse image Lp^ 1 (Y') has a small 
complement in X. 

Definition 2.5. Let Z be a toric variety with acting torus T and invariant prime 
divisors D z = T-Zi, where 1 < i < r. Moreover, let X C Z be an irreducible closed 
subvariety and suppose that X is smooth in codimension one. We call X C Z a 
neat embedding if 

(i) each D l x := D z n X is an irreducible hypersurfacc in X intersecting the 
toric orbit T-Zi, 

(ii) the pull back homomorphism i* : G\(Z) — > C\(X) defined by the inclusion 
i : X — ► Z is an isomorphism. 

As we shall see in Section |31 any normal variety with finitely generated Cox ring 
that admits a closed embedding into a toric variety, admits even a neat embedding 
into a toric variety. 

Now consider a toric variety Z with T(Z, O*) = K* and toric universal torsor 
pz : Z — > Z as constructed before. Let X C Z be an irreducible closed subvariety. 
Set X := p z 1 (X), let px ■ X — » X denote the restriction of p^, and define X to be 
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the closure of X in Z. Then everything fits into a commutative diagram: 

x—^z 




Px 



where i,T and 1 denote the respective inclusions. The subvarictics X C Z and 
X Q Z are invariant with respect to the action of H on Z and Z. In particular, the 
rings of functions T(0, X) and T(0, X) are graded by the abelian group K = C\(Z). 
Set 

W x := X\\jD x r\D x , W x ■= Px\W x ). 



Theorem 2.6. Let X be a normal variety and IC2 neat embedding, suppose that 
X and Z only have constant globally invertible regular functions and that X = Wx 
holds. Then there is an isomorphism of K -graded Ox -algebras 

n = {px)*o x , 

where 1Z denotes the Cox sheaf on X. Moreover, the variety X = Wjr is normal 
and the restricion px ■ X — > X is a universal torsor for X . 

Proof. We may assume that Z = Wz holds. We define the Cox ring of Z as 
before, using the group Dz '■= WDiv T (Z). Then we have D° z = PDiv T (Z) and the 
associated Cox sheaf IZz = Sz/1z of Cl(Z)-graded algebras is built up by means 
of the canonical shifting family. 

Let Dx := i"S>z- By the definition of a neat embedding, we have D x — 1*®%, 
and we may define the Cox sheaf TZx = Sx/^x on X via the pullback shifting 
family. This gives a commutative diagram 



"Hi 



Sx ^Tl x 

Note that the downwards arrows of the above diagram are even isomorphisms, be- 
cause by Z = Wz all divisors of T>z are locally principal. Now, choose any set 
theoretical section s: Cl(Z) — > T>. Then the isomorphisms (|2.3p define a commu- 
tative diagram providing the desired isomorphism: 

i*Kz i* O z (s([D})) t*( P z)*0 2 



Tlx >■ ®O x (i*s([D})) (px)*O x 

Finally, to see that X is normal, note that the group H acts freely on Z = W-%. 
By Luna's slice theorem, X looks locally, in etale topology, like H X X. Since 
X is normal, and normality is preserved under etale maps, we obtain that X is 
normal. □ 
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We give two applications. Recall that a variety X is said to be Q- factorial if it 
is normal and for any Weil divisor D on X some positive multiple nD is Cartier. 
A toric variety Z is Q-factorial if and only if it arises from a simplicial fan S, i.e., 
each cone of £ is generated by a linearly independent set of vectors. A toric variety 
Z with Cox construction Z — > Z is Q-factorial if and only if Z — > Z is a geometric 
quotient, i.e., its fibers are precisely the H -orbits. 

Corollary 2.7. Let X C Z be a neat embedding, where X is irreducible and smooth 
in codimension one and Z is a Q-factorial toric variety having only constant globally 
invertible functions. 

(i) Suppose that T(X,0*) = IK* holds and that X is normal. Then X is 
normal, px ■ X — > X is a universal torsor for X, and the Cox ring of X 
is given by 

K(X) = ®r(I,K)|,, DH ] = T(X,0) w = T(X,0). 
weK weK 

(ii) Let Wx be normal with F(W X , O*) = K* and let X nor be the normalization 
of X . If X\X is small, then the Cox ring lZ(X nm ) is finitely generated and 
X noT has the H-equivariant normalization X of X as its total coordinate 
space. 

Proof. Since Z is Q-factorial, each fiber of pz '■ Z — > Z consists of a single f/-orbit, 
having an at most finite isotropy group. Consequently, the map px ■ X — > X is 
cquidimcnsional. Since X \ Wx is small in X, we can conclude that X \ Wjf is 
small in X. 

We prove (i). Since X is normal, the quotient space X = X//H is normal as 
well. Moreover, by the above consideration, the isomorphism of if-graded sheaves 
of Theorem 12.61 extends from Wx to the whole X and the assertion follows. 

We turn to (ii). First note that we have Wx Q X nor and that the complement 
X nor \ Wx is small. Since X \ X is small in X, the above consideration gives that 
X \ Wx is small in X. Consequently, X \ Wj^ is small in X . The assertion 
then follows from 

K(X no1 ) = T(X noi \U) = T{W X ,K) = T(W T ,0) = T(X nm ,0). 

□ 

Corollary 2.8. Let X C Z be a neat embedding of a normal variety in a smooth 
toric variety Z, and suppose that X as well as Z only admit constant globally 
invertible functions. Then px '■ X — > X is a universal torsor for X , and the Cox 
ring of X is given by 

K(X) = ®r(I,K) |l<BW , = T(X,0) w = T(X,0). 

weK weK 

Moreover, if X \ X contains no divisors of X , thenlZ(X) is finitely generated and 
X has the H-equivariant normalization of X as its total coordinate space. 

3. Bunched rings and their varieties 

In this section, we generalize the construction of varieties with a prescribed 
finitely generated Cox ring provided in [5] to the case of divisor class groups with 
torsion, and we present first basic features of this generalized construction. We 
begin with discussing the class of rings, which we will consider; the concept 13.11 as 
well as statements 13.21 and 13.31 are basically due to I.V. Arzhantsev, see pQ. 
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Definition 3.1. Let A be a finitely generated abelian group and R = (B logif R w 
any A-graded integral K-algebra with R* = K* . 

(i) We say that a nonzero nonunit / £ R is K -prime if it is homogeneous and 
f\gh with homogeneous g,h £ R always implies f\g or f\h. 

(ii) We say that an ideal a C R is K-prime if it is homogeneous and for any 
two homogeneous f,g £ R with fg £ a one has f £ a or g £ a. 

(iii) We say that a homogeneous prime ideal a C R has K-height d if d is 
maximal admitting a chain do C ai C • • • C a<j = a of if -prime ideals. 

(iv) We say that the ring R is factorially graded if every if -prime ideal of 
if -height one is principal. 

We will briefly indicate the geometric meaning of these notions. By an H -prime 
divisor on an ii-variety we mean a sum ^ ajjD with prime divisors D such that 
always = 0, 1 holds and the D with od = 1 are transitively permuted by the 
group ii. Note that every ii-invariant divisor is a unique sum of ii-prime divisors. 

Proposition 3.2. Let K be a finitely generated abelian group, R a K -graded normal 
affine K-algebra with R* = K* , and consider the action of H := Spcc(K[A]) on 
X := Spec (A). Then the following statements are equivalent. 

(i) The ring R is factorially graded. 

(ii) Every invariant Weil divisor of X is principal. 

(iii) Every homogeneous 7^ / £ R \ R* is a product of K -primes. 

Moreover, if one of these statements holds, then a homogeneous nonzero nonunit 
f £ R is K-prime if and only ifdxv(f) is H -prime, and every H -prime divisor is 
of the form div(/) with a K-prime f £ R. 

Proof. Assume that (i) holds, and let D be an invariant Weil divisor on X. Write 
D = Dx + ■ — h D r with ii-prime divisors Di. Then the vanishing ideal ct^ of Di is 
A-prime of A-height one and thus of the form a; = (fi). We obtain Di — div(fi) 
and thus D — div(/i ■ ■ • f r ), which verifies (ii). 

Assume that (ii) holds. Given a homogeneous 7^ / £ R \ R*, write div(/) = 
Di + • • • + D r with ii-prime divisors £>,. Then we have Di = drv( fi), and one 
directly verifies that the fi are homogeneous A-primes. This gives a decomposition 
/ = a ■ f\ ■ ■ ■ f r with some a £ R* = K* as required in (i). 

If (iii) holds and a is a K-prime ideal of height one, then we take any homogeneous 
and find a A-prime factor f\ of / with f\ £ a. Thus, we have inclusions 
C C a of A-prime ideals, which implies a = (fi), verifying (i). □ 

Remark 3.3. A normal factorially A-graded affine K-algebra R with a free finitely 
generated abelian group A correponds to a normal affine variety X with an action 
of a torus H. In this case, every Weil divisor on X is ii-linearizable and hence 
linear equivalent to an ii-invariant one and thus principal, i.e., R is even factorial. 
However, if A has torsion, then there may exist normal affine algebras which are 
factorially A-graded but not factorial, see [TJ Example 4.2]. 

For a finitely generated abelian group A, we denote by A* C A the torsion 
part, set A := A/ A* and write w° £ K° for the class of w £ A. Given a free 
abelian group E and a homomorphism Q : E — > A, we denote by Q° : Aq — > Aq 
the induced linear map sending a £3> e to a ® Q(e)°. Moreover, the relative interior 
of a cone a C V in a rational vector space V is denoted by er°. 

Definition 3.4. Consider a finitely generated abelian group A and a normal fac- 
torially A-graded affine K-algebra R. Let 
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be a system of homogeneous pairwise non associated if -prime generators for R. 
The projected cone associated to g C R is 

where E := 712' , the homomorphism Q: E K sends G E to mj := deg(/j) £ if 
and 7 C Eq is the convex cone generated by e\, . . . , e r . 

(i) We say that 3 c i? is admissible, if, for each facet 70 ^ 7, the image 
Q(7o n £?) generates the abelian group K. 

(ii) A face 70 ^ 7 is called an fi-face if the product over all /, with G 70 
does not belong to the ideal J (fj; Cj S" 70) C R. 

(hi) An $-bunch is a nonempty collection $ of projected g'-faces Q°(7o) Q Kq 
with the following properties: 

(a) a projected g-face r C Kq belongs to $ if and only if for each r 7^ 
<r G $ we have ^ r° n cr° 7^ cr°, 

(b) for each facet 70 -< 7, there is a cone r G $ such that t° C Q°(7o)° 
holds. 

A bunched ring is a triple (i?, g, <f>), where g C i? is an admissible system of 
generators and <& is an g-bunch. 

Construction 3.5. Let (R, $) be a bunched ring and (E -^-> if, 7) its projected 
cone. The associated collection of relevant faces and covering collection are 

rlv($) := {70 d 7; 7o an 3-face with r° C Q°(7o)° for some r G $}, 
cov($) := {70 G rlv($); 70 minimal}. 

Consider the action of the diagonalizablc group H := Spec (K [if ]) on X := Spec(i?), 
and the open -invariant subsets of X defined by 

X(R,!$,$) := (J X l0 , X l0 := X^i... f u r for some (in, u r ) G 7q. 

7o£rlv(*) 

Then the ii-action on X := A(i?,g, $) admits a good quotient; we denote the 
quotient variety by 

X := X(R,$,$) := X{R,$,$)//H. 

The subsets A 7o C X, where 70 G rlv(<f>), are saturated with respect to the quotient 
map px ■ X — > X , and X is covered by the affine open subsets X l0 := px(X la ). 

Before proving the statements made in this construction, we present its basic 
features. Recall that an A^-variety is a variety, in which any two points admit a 
common affine neighbourhood. 

Theorem 3.6. Let (R,3, $) be a bunched ring with projected cone {E — > K,^), 
and denote X := A(i£, g, $) and X := X(R, g, Then X is a normal Ai -variety 
with 

dim(X) = dim(iJ) - dim(if^), T(X,0*)=K*, 
and X admits a neat embedding into a toric variety. Moreover, there is a canonical 
isomorphism C1(A) = K , the Cox ring 7Z(X) is isomorphic to R and px '■ X — > X 
is a universal torsor for X. 

We come to the proofs of the assertions. The key is a combinatorial understand- 
ing of the variation of good quotients for diagonalizablc group actions on affine 
varieties. So, let if be a finitely generated abelian group, R a if -graded affine 
K-algebra, and consider the action of H := Spec (IK [if]) on X := Spec(i?). 

We say that an open subset W C X is (H ,2) -maximal if it admits a good quotient 
W — ► W//H with an ^4 2 -variety W//H and there is no W C X with the same 
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property comprising W as a proper subset and saturated under W' — > W//H. Our 
task is to describe the (7?,2)-maximal sets. We define the weight cone loh{X) C Kq 
and, for any z£X, its orbit cone u>h(z) C Kq as 

u>h(X) := cone(u>°; w £ K with i? w 7^ 0), 
loh(z) := cone(u>°; w £ K with /(z) ^ for some / £ i?™). 

Remark 3.7. For a bunched ring (R, <I>) with projected cone (£■ if, 7), the 
weight cone of the action of H = Spec(K[A']) on X = Spec(i?) is u>h(X) — Q°(7), 
and the orbit cones are precisely the cones Q°(7o), where 70 ^ 7 is an face. 

The orbit cone of a point z £ X describes the set of 7J-orbits in the orbit closure 
H-z. Note that this set becomes partially ordered by writing H-z\ < H-zq if H-z\ 
is contained in the closure of H-zq. 

Proposition 3.8. For any point z £ X , there is an order preserving bijection of 
finite sets 

{H -orbits in H-z} — > faccs(wH-(z)), 

H-z h-> ll>h{z ), 

and the inverse map is obtained as follows: given ujq ^ ojh(z), take any w° £ Wq 
admitting an f £ R w with f(z) ^ and assign the unique closed orbit H ■ zq in 
H-zD X f to ujq. 

Proof. Split H as H = H° x G with the component of identity H° = Spec(K[A' ]) 
and a finite abelian group G. The H° acts on X/G such that the quotient map 
it: X — > X/G becomes _ff°-equivariant. For any z £ X, the orbit cones u>h(z) and 
w/fo(7r(z)) coincide, and we have H-zq C H z if and only if H°-tt(zq) C H°-it(z). 
Thus, we may assume that H — H° holds, i.e. that H is a torus. Now observe that 
it suffices to prove the assertions in the case X = H-z. But then they are basic 
facts on (not necessarily normal) affine toric varieties. □ 

The set £Ih(X) of all orbit cones is finite. By a 2-maximal collection of orbit 
cones, we mean a subset ^ C Qh(X) being maximal with the property that for 
any two cji,u>2 £ * one has wffl^ 7^ 0- Moreover, for any w £ K, we define its 
GIT-cone to be the convex polyhedral cone 

AH := p| u> C 

w°eu>en H (x) 

Proposition 3.9. Let K be a finitely generated abelian group, R a factorially K- 
graded affine 'K-algebra, and consider the action of H := Spcc(K[A']) on X := 
Spec(-R). Then there are mutually inverse bijections 

{2-maximal collections £ Qh{X)} < — > {(H ,2) -maximal subsets of X}, 

^ 1 ► {z £ X; ujq ^ uj(z) for some ujq £ $}, 
{uj(z); H-z closed in W} <— 1 W. 
Moreover, the collection of GIT-cones A(X) — {A(u>); w £ K} is a fan in Kq 
having the weight cone ojh{X) as its support, and there is a canonical injection 
A — > {2-maximal collections £ £Ih(X)}, 
A h-> {u£ n H (X); X° C lu } 

The (H ,2) -maximal open subset of X(X) C X arising in this way from A £ A(A") 
is the set of semistable points of any w £ K with w £ A° : 

X(A) = X ss (w) := |J X f = {z£X; A C uj(z)}. 

/e©„>o-R™, 
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In particular, the (H ,2) -maximal subsets arising from the A G A are precisely those 
having a quasiprojective quotient space. Moreover, one has 

A r< A' X(X) 2 X(X'). 

Finally, the quotient spaces X(X)// H are all projective over Spcc(i?o),' in particular, 
they are projective if and only if Rq = K holds. 

The fan A(X) of all GIT-cones is called the GIT-fan of the H- variety X, and its 
cones are also referred to as chambers. 

Proof of Proposition 1 3. 91 As earlier, choose a splitting H = H° x G into the com- 
ponent of identity H° = Spec(K[A" ]) and a finite abelian subgroup G C H. Then 
X/G comes with an induced iJ°-action making the quotient map ir: X — > X/G 
cquivariant. The (H°, 2)-maximal subsets of X/G are in bijection with the (H,2)- 
maximal subsets of X via V i— > 7r _1 (y). Moreover, for any z£l, the orbit cones 
ujh(z) and u;#-o(7r(;z)) coincide. 

By these considerations it suffices to prove the assertion for the action of H° on 
X/G. This is done in [H Sec. 1]. Note that the assumption of factoriality posed in 
Prop. 1.8] can be weakened to requiring that for every ff°-invariant Weil divisor 
D on X/G some multiple is principal, which in turn is easily verified by considering 
the pull back divisor tt*(D) on X. □ 

Lemma 3.10. In the notation of Construction \3~h\ the open subset X C X equals 
the (H ,2) -maximal open subset W(^) C X defined by the 2-maximal collection 

* := {we!l fl (I); r° C uj° for some t G $} = {<9°(7o); 7o G rlv(*)}. 

Moreover, an orbit H-z C X is closed in X if and only if we have u>h{z) = Q a ( r yo) 
for some 70 G rlv($). 

Proof. Let z G X la for some 70 G rlv($). Since X lQ = X ^\...^ T does not change 
under variation of u G 7q, we obtain Q°(7o) Q to(z). Thus, Q°(7o)° Q ^(20)° holds 
for some zq in the closure of H-z. By 2-maximality, we have uj(zq) G v I / . This 
implies z G Vt^'i'). Conversely, given z G W^), the orbit cone w(z) comprises 
some t£$. Let zo be a point in the closure of H-z in X with r° C cu H (zq)°. Then 
70 := cone(ei; f%{zo) 7^ 0) is a relevant face with z G X la . 

Finally, let H-z be any orbit in X. If H z is closed in X, then we have u)h(z) G ^ 
and hence ujh(z) = Q°(jo) for some 70 G rlv($). Conversely, let ujh(z) = Q°{jo) 
hold for some 70 G rlv($). Then we have u>h(z) If H-z were not closed in X, 
we had u>h(zo) -< ^>h{z) with some zq G X such that H-zq is closed in X, which 
implies u>h(zo) G ^. Thus, we obtain (zo)° H u>h{z)° 7^ 0, a contradiction. □ 

Proof of Construction and Theorem \3.b\ part 1. By Lemma 13.101 and Proposi- 
tion [Hill the good quotient space AT = X(R, 5", $) exists and is an ^-variety. It 
inherits normality from X, and we have 

T(X,0*) = T(X,0*) H = K*. 

In order to verify the assertion on the dimension, it suffices to show that the 
generic fiber of px ■ X — > X is a single i?-orbit of dimension dim(if). For this, 
note the generic orbit cone equals Q°(7). In particular, the generic orbits are of 
full dimension. Property 13.41 (iii) of a bunched ring guarantees ) € rlv($). 

Lemma [3.101 then says that the generic orbits are closed in X und thus they show 
up as fibers of px '■ X — > X. 

Finally, we have to show that each X l0 C X, where 70 G rlv($), is saturated with 
respect to the quotient map px ■ X — > X . For this, it suffices to show that given 
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any 70 G rlv(<£>) and H-z C X l01 which is closed in X l0 , then H-z is already closed 
in X. Since H-z C X holds, there must be a face loq < ojh(z) with ujq G rlv($), 
see Lemma [6. 101 Thus, we have 

< n g°(7o)° 0. 

Moreover, denoting by H-z the closure of H-z in X, Proposition 13.81 tells us that 
the orbit H-zq C H-z corresponding to ljq ^ loh(z) is the unique closed orbit in 
H-zflX f*i,,,ju r . This implies H-zq = H-z and hence ojh(z) G rlv(<£>). Lemma fe.lOl 

thus ensures that H-z is closed in X. □ 

The next step is to provide an explicit isomorphism K — > C1(X) for the variety 
X = X(R, 5, $). We need the following preparation. 

Construction 3.11. Let (R, $) be a bunched ring with (A -^-> A', 7) as its 
projected cone, consider the action of H = Spcc(K[A']) on X = Spec(i?) and set 

X := X(R,$,<f>), X := X(R, 

Then, for every member fi £ $ its zero set V(X, fi) is an ii-prime divisor and thus 
its image D l x C X is a prime divisor. Moreover, by 13.41 (iii), part (b), we have 

W x := XXlJViX-f.Jj) = |J X 70 C X, 

i^j 70 facet of 7 

and hence the complement X \ W^- is small in X. By 13.41 (i), the group H acts 
freely on Wy- Moreover, as a union of saturated subsets Wy is saturated under 
px ■ X — > X. Its image Wx '■= Px(Wxj is open with small complement in X and 
is given by 

W x = X\\jD x r\D x . 

Proposition 3.12. In the notation of \3.11[ cover Wy by H -invariant open subsets 
Wj admitting w -homogeneous functions hj G T(0*,Wj). For every w G K, fix a 
w -homogeneous function h w G K.(X)* . 

(i) For any w G K there is a unique divisor D{h w ) on X with p* x (D{h w )) = 
div(h w ); on each PxiWj) it is given by D{h w ) = A\v(h w /hj). 

(ii) Let U C X be open. Then, for every w G K , there is an isomorphism of 
'K-vector spaces 

T(U,0(D(h w ))) -» T{p x \U),0) w , g ~ Px (g)h w . 

(iii) The assignment w t— » D(h w ) induces an isomorphism from K onto C\(X), 
not depending on the choice of h w : 

D x -K -> Cl(X), w i ^ D(w) := [D(h w )\. 

(iv) For h w = fi G 3, we obtain D(fi) = D l x . In particular, C\{X) is generated 
by the classes D(wi) of the D x , where 1 < i < r and Wi — deg(/i). 

Proof. The iJ-invariant local equations h w /hj define a Cartier divisor on Wx = 
Px(Wx). Since Wx has a small complement in X, this Cartier divisor extends in 
a unique manner to a Weil divisor D(h w ) on X. This shows (i). 

For (ii), note that on each Uj := px(Wj) n U the section g is given as g = 
g'jhj/h w with a regular function g'j G 0(Uj). Consequently, the function p x (g)hw 
is regular on Wjr^p^ 1 ^), and thus, by normality, on p x (U). In particular, 
the assignment is a well defined homomorphism. Moreover, / i— ► f /h w defines an 
inverse homomorphism. 



16 



J. HAUSEN 



We turn to (iii). To see that the class D(w) does not depend on the choice of h w , 
consider a further w- homogeneous g w G K(A*)*. Then / := h w /g w is an invariant 
rational function descending to A, where we obtain 

D(h w ) - D(g w ) = div(/). 

Thus, D: K — > C1(A) is well defined and, by construction, it is homomorphic. 
To verify injectivity, let D(h w ) — div(/) for some / G K(A)*. Then we obtain 
d\v(h w ) = div(p^f (/)). Thus, h w /p* x (f) is an invertible function on X. By R* = 
IK*, it must be constant. This implies w = 0. For surjectivity, let any D G WDiv(A) 
be given. Then p x (D) is an invariant divisor on X. Since R is factorially graded, we 
obtain p* x (D) = div(/) with some rational function h on X, wich is homogeneous 
of some degree w. This means D = D(h). 

Finally, for (iv), we only have to show that D l x equals D{fi). By construction, 
these divisors have the same support, and we have p* x {D{fi)) = div(/,). Since 
div(/i) is ii-prime and D x is prime, the assertion follows. □ 

We indicate now, how to embed the variety X arising from a given bunched ring 
(i?, J, 4>) into a toric variety. Let (E -^-> K, 7) be the associated projected cone. 
Then, with M := kcr(Q), we have mutually dual exact sequences of rational vector 
spaces 

*- Lq ^ Fq — ^ N Q 



< KR ^— E Q ^ M Q ^ 

Q 

Recall that 7 = cone(ei, . . . , e r ) holds with the canonical basis e\, . . . , e r for the 
lattice E = 17 . We denote the dual basis in F = Hom(£', Z) again by e\, . . . , e r . 
Then S := cone(ei, . . . , e r ) C Eq is the dual cone of 7 C Eq. 

In order to relate bunches of cones to fans and vice versa, wc need to transform 
collections of faces of 7 to collections of faces of 6 and vice versa. This is done 
element-wise via the face correspondence 

faces(£) < — > faces(7) 

S i-» 6q := 6q n 7 
lo n S ='■ 7o <-< 7o 

Given any two corresponding collections 6 C faces(5) and 4> C faces (7), we infer 
from [H Lemma 4.3] that the following two compatibility statements are equivalent. 

(i) Any two u\ , (J2 G 6 admit an i-invariant separating linear form. 

(ii) For any two ?i,r 2 G $ one has Q°(fi) n Q (f 2 )° 7^ 0- 

Given a compatible collection 6 C faccs(<5), the images Pid), where a G 6 
generate a fan £ in TVq, which we call the image fan of S. Moreover, we call the 
fan £ generated by a compatible 6 a projectable fan in Pq. Note that for a maximal 
compatible collection 6 C faces(<5), the image fan consists precisely of the images 
P(<r), where a G 6, whereas £ = 6 need not hold in general. 

Construction 3.13. Let (R, $) be a bunched ring and (E -^-> A", 7) its pro- 
jected cone, consider the action of H = Spec(K[AT]) on A = Spec(i?) and set 



A := X(JJ,ff,$), A := X(R,$,$). 
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Define a if -grading on the polynomial ring K[Ti, . . . , T r ] by deg(Ti) := deg(/i). 
This gives an ii-cquivariant closed embedding into Z := K r , namely 

«: X -> Z, z ^ (f 1 (z),...,f r (z)). 

Let C faces(7) be any compatible collection with rlv($) C 9. Then the restric- 
tion ~i of i to X defines a commutative diagram 



X 

II a 
X 



II h 



with the toric varieties Z and Z defined by the projectable fan E associated to the 
collection 6 corresponding to and the image fan E respectively. 

Proposition 3.14. In the setting of Construction [3~T3\ the following statements 
hold. 

(i) pz ■ Z — > Z is a toric Cox construction, and we have X = 1~ X (Z). In 
•particular, T: X — ► Z is an H-equivariant closed embedding. 

(ii) For 1 < i < r, /ei D z Q Z be the invariant prime divisor corresponding to 
e, € E. Then D x = i*(D l z ) holds, and, as a consequence, Wx — t-~ x {Wz). 

(iii) The induced morphism i: X — > Z of the quotient varieties is a neat closed 
embedding. 

Proof of Construction \3.13\ and Proposition \S.14\ In order to see that p z : Z — » Z 
is a toric Cox construction, we only have to check that the images P(ei) G N 
are pairwise different primitive lattice vectors in N and that the rays through 
them occur in the image fan E. But this is guaranteed by rlv(<!>) C and the 
Properties 13.41 (i) and (iii), part (b) of 

By construction, Z is the union of all subsets Z l0 = Zt" , where 70 €E and 
u G 7g. Thus rlv($) C ensures X C To show equality, we may assume, 

by suitably enlarging Z, that is 2-maximal. Then ZCZis the associated (H,2)- 
maximal set. To see that a given point z G X C] Z lies in i(X), we may assume 
that H-z is closed in Z. Then u>h(z) belongs to 0. Moreover, u>h(z) is a projected 
ij-face, and thus, by 2-maximality, belongs to rlv($). This implies z G i(X). 

Together, this proves Construction ^. 13l and the first assertion of ProDOsition l3.141 
The second one follows from the commutative diagram of Construction 13.131 and 

p* x D x = div(/0 = i*div(T i ) = Tp* z D z . 

To see that 1: X — > Z is a neat embedding, we just note that the isomorphisms 
Dx ■ K — > Cl(Jt) and Dz : if — > C1(Z) of Proposition 13 . 1 21 fit into a commutative 
diagram 

if 



Cl(X) * C\{Z) 

□ 

Corollary 3.15. If the toric ambient variety Z of Constructio ns. P3\ is ^-factorial, 
then p z 1 (X) — > X is a universal torsor for X and the closure of p z 1 (X) in Z is 
the total coordinate space of X. 
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Proof of Theorem \3.6l part 2. Proposition 13.121 gives the isomorphism of divisor 
class groups. Taking = rlv($) in l3.13l givcs the desired neat embedding i: X — > Z . 
In order to see that px '■ X — ► X is a universal torsor, note that, by normality of 
X it suffices to prove this for the restriction px ■ — > Wx ■ This in turn follows 
Theorem 12.61 applied to any neat embedding i : X — > Z as provided by Construc- 
tion [XTJl Using once more normality, we obtain that R is the Cox ring of X. □ 

4. Basic geometric properties 

In this section, we indicate how to read off basic geometric properties of the 
variety associated to a bunched ring from its defining data. We treat an explicit 
example, and at the end of the section, we characterize the class of varieties that 
arise from bunched rings. Many statements are direct generalizations of those of [5]. 
However our proofs are different, as we mostly don't use neat embeddings. 

In the sequel, (R, $) is a bunched ring with projected cone (E -^-> K, 7) 
and admissible system of generators $ = {/1, • • ■ , / r }- We consider the action of 
H := Spec(K[if]) on X := Spec(i?) and set 

X := X(R, X := X(R,!g,<f>). 

Recall from Proposition ^. 12l that we associated to any h w € Q(R)^ a divisor D(h w ) 
and this defines a canonical isomorphism Dx ■ K — > C\(X). In particular, we may 
canonically identify Kq = Q (E> K with the rational divisor class group C1q(X). 

In our first statement, we describe some cones of divisors. Recall that a divisor on 
a variety is called movable if it has a positive multiple with base locus of codimension 
at least two and it is called semiample if it has a base point free multiple. 

Proposition 4.1. The cones of effective, movable, semiample and ample divisor 
classes of X in C1q(X) = Kq are given as 

EffpO = Q°( 7 ), Mov(X) = p| Q°( 7o ), 

70 facet of 7 

SAmple(X) = f] r, Amplc(X) = f] r°. 

t£$ t£<I> 

Lemma 4.2. In the setting of Proposition \5. 1S\ consider the divisor D(h w ) on X, 
a section g £ T{X 1 0{D{h w ))), the sets 

Z(g) := Supp(dW(g) + D(h w )), X g := X\Z(g), 

and let f := Px(g)h w G r(-^ 5 0) w denote the homogeneous function corresponding 
to g. Then we have 

z(g) = P x(V(X-J)), p x \Z(g)nWx) - v(x ; f)nw x -. 

Moreover, if the open subset X g C X is affine, then its inverse image is given as 
w x ( X g) = X f- 

Proof. For the first equation, by surjectivity oipx, it suffices to showp^ 1 (X g ) = W, 
where 

W := XXp^ipxiViXJ))). 

Consider g^ 1 E T{X g ,0{D(h' w 1 ))). The corresponding function /' = Pxid^ 1 )^ 1 
on p^^Xg) satisfies /'/ = 1, which implies p x 1 (X g ) C W. Now consider / _1 £ 
T{W,0) w . The corresponding section g' = f- 1 h w in Y(Tr{W),0{D{h- 1 )) satisfies 
g'g = 1, which implies ir(W) C X g . 
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The second equation follows directly from the first one and the fact that on 
Wx = P~x~(Wx) the px-fibers are precisely the -ff-orbits and hence V(X; /) D Wjf 
is saturated with respect to px ■ 

Finally, let X g be affine. The first equation gives us p x (X g ) C Xf. Moreover, 
Px (X g ) is affine, and thus its boundary X \p x 1 (X g ) is of pure codimcnsion one. 
Inside Wj, this boundary coincides with V(X;f). Since X \ is small, the 
assertion follows. □ 

Proof of Proposition ^. l\ We have to characterize in terms of wq € Kq, when a 
divisor D(h w ) G WDiv(X) as constructed in Proposition 13.121 is effective, mov- 
able, semiample or ample. The description of the effective cone Eff(X) is clear by 
Proposition 13. 121 (ii). 

For the description of the moving cone Mov(Jf), we may replace X with Wx- 
By Proposition 13 . 121 (h) and Lemma 14721 the base locus of D(h w ) has a component 
of codimcnsion one if and only if there is an € J dividing all / G R w . Thus, 
D(h w ) has small stable base locus if and only if we have 

r 

w° G P| cone(wi, . . . , . . . , w r ). 

i=l 

For the description of the semiample cone, note that by Lemma 14.21 the divisor 
D(h w ) is semiample if and only if X is contained in the union of all Xf, where 
/ G R n w and n > 0. This in turn is equivalent to 

w° g n ^) = n r - 

We come to the ample cone. Suppose first that w° G r° holds for all r G <&. 
Then, for some n > 0, we may write X as the union of px-saturated open subsets 
Xf with functions / G R nw - For the corresponding sections g G T(X;0(D(h^))), 
Lemma l4~2l gives px{X f) = X g . In particular, all X g are affine and thus D(h w ) is 
ample. 

Now suppose that D(h w ) is ample. We may assume that D(h w ) is even very 
ample. Then, for every /" = J" 1 • ■ ■ /" r with Q(u) = w the corresponding section 
g u G T(X;0(D(h w ))) defines an affine set X g ^ C X, and these sets cover X. 
By Lemma 14. 2 [ we obtain saturated inclusions Xfn C X and hence a saturated 
inclusion X(w) C X, see Proposition 13.91 for the notation. By (iJ,2)-maximality of 
X(w), we obtain X(w) = X and hence w G r° for every r G □ 

Corollary 4.3. If we vary the fi-bunch <!>, then the ample cones of the quasipro- 
jective ones among the resulting varieties X = X(R,$, $) are precisely the cones 

a° c n o°( 70 )° 

70 facet of 7 

with A G A(X). If SAmple(X) ^ SAmple(X') holds, then X' C X induces a 
projective morphism X' — > X , which is an isomorphism in codimension one. 

In order to investigate local properties of X, we first observe that X comes by 
construction with a decomposition into locally closed pieces. 

Construction 4.4. To any 3-face 70 di 7, we associate a locally closed subset, 
namely 

X( 7o ) := {zel; fa) + 4* * G 70} C X 
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These sets are pairwise disjoint and cover the whole X. Taking the pieces defined 
by relevant 3-faces, one obtains a constructible subset 

X := |J X( 7o ) C X, 

7nGriv(<I>) 

which is precisely the union of all closed i?-orbits of X. The images of the pieces 
inside X form a decomposition of X into pairwise disjoint locally closed pieces: 

X = [j X( 7o ), where A( 7o ) := p x (X( 7o )). 

7oSrlv(*) 

Example 4.5. If we have R = K[T 1 ,...,T r ] and £ = {Ti, . . . , T r }, then X is 
the toric variety arising from the image fan £ associated to rlv(<f>), and for any 
7o G rlv(<i>), the piece X( 7 o) C X is precisely the toric orbit corresponding to the 
cone P( 7o *) G S. 

Proposition 4.6. For any 7 o G rlv($), t/ie associated piece X(^o) of the decom- 
position \4-4\ has the following descriptions. 

(i) For any neat embedding X C Z as constructed in \3.13l the piece A (70) is 
the intersection of X with the toric orbit of Z corresponding to jq. 

(ii) In terms of the prime divisors D l x C X defined by the generators fi £ 
the piece A (70) is given as 

*(7<o = n °x \ u ^ 

(iii) 7n terms of the open subsets X li C X and A 7i C X defined by the relevant 
faces ~fi G rlv(<E>), we have 

X( 7o ) = A 7o \ |J X 71) 

7o^7l£rlv(*) 

p x 1 (X( 7 o)) = A 7o \ |J X 7l . 

70^71 6rlv(4>) 

Proof of Construction \4-4\ an d Proposition \4-b\ Obviously, X is the union of the 
locally closed A (70), where 7 o -< 7 runs through the faces. To proceed, recall 
from Lemma 13.101 and Proposition 13.91 that I C I is the {H ,2)-maximal subset 
given by the 2-maximal collection 

* = {<3°(7o); 7o G rlv(*)} = {u{z)\ H-z closed in X}. 

Given z G X, we have u>u{z) = <9°( 7 o) G ^ ■ Thus, Lemma f3.10l tells us that 
H-z is closed in X. Conversely, if H-z is closed in X, consider the 3-facc 

70 := cone(e;; f^z) ^ 0) < 7. 

Then we have z G A (70) and Q°(7o) = loh{z) G see Lemma [3.101 Hence 70 is a 
relevant face. This implies z£X. 

All further statements are most easily seen by means of a neat embedding ICZ 
as constructed in !3.13l Let X C Z = K r denote the closed -ff-equivariant embedding 
arising from Then, X intersects precisely the Z(^q), where 70 is an 3- face, and 
in these cases we have 

a( 7o ) = z( 70 )nl. 

As mentioned in Example 14.51 the images Z(j ) = pz{Z{^o))i where 70 G rlv($), 
are precisely the toric orbits of Z. Moreover, we have 

x = znx, x = znx. 
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Since pz separates i?-orbits along Z, we obtain X(~{ ) = Z(-f ) n X for every 
7o G rlv($). Consequently, the X(jq), where 70 G rlv($), are pairwise disjoint 
and form a decomposition of X into locally closed pieces. Finally, using X(7o) = 
Z{lo) H X and D x = i*(D l z ), we obtain Assertions 14.61 (ii) and (iii) directly from 
the corresponding representations of the toric orbit Z^jq). □ 

We say that a divisor class [D] G C\(X) is Cartier at a point x G X if some 
representative D is principal near x. Similarly, we say that [D] G Cl(X) is Q- 
Cartier at x if some nonncgativc multiple of a representative D is principal near x. 

Proposition 4.7. Consider a relevant face 70 G rlv($), a point x G X(^q), and 
let w G A'. 

(i) TTie cZass Dx(w) is Cartier at x if and only if w G Q(lin(7o) fl E) holds. 

(ii) The class Dxiw) is ^-Cartier at x if and only if w G lin(Q (70)) holds. 

Lemma 4.8. Consider a relevant face 70 G rlv($), a point z G X(7o). Then, for 
any w G K , the following statements are equivalent. 

(i) There is an invertible homogeneous function f G T{H-z, 0) w . 

(ii) One has w G Q(lin(7o) n E). 

Proof. We have to determine the set K z C K of degrees w £ K admitting an 
invertible homogeneous function on H z. Recall that the orbit H-z is closed in 
X 7a , and thus the homogeneous functions on H ■ z are precisely the restrictions 
of the homogeneous functions on X 7o . Moreover, we have z G X(7o), and thus 
fi(z) ^ if and only if ej G 70- Thus, the invertible homogenous functions on H-z 
are generated by the products ■ ■ • f^ r , where u G lin((7o) n E). Consequently, 
we obtain K z = Q(lin((7 ) n E)) C K. □ 

Proof of Proposition \4- 1\ The divisor D := D(h w ) is Cartier at x if and only if 
there is a neighbourhood U C X oi x and an invertible section g G T(U, 0(D)). By 
Proposition 13. 121 the latter is equivalent to the existence of an invertible homoge- 
neous function / G T(H-z, 0) w on the closed orbit H-z C (x). Now, Lemma |4~51 
gives the desired equivalence, and the first statement is proven. The second is an 
immediate consequence of the first. □ 

Corollary 4.9. Inside the divisor class group Cl(X) = K, the Picard group of X 
is given by 

Pic(X) = f| Q(hn(7o)n£). 

7oScov($) 

Proof. A divisor D(w) is Cartier if and only if it is Cartier along any X(7o), where 

70 G rlv($). Since we have cov(<!>) C rlv(<&), and for any 70 G rlv($), there is a 

71 G cov($) with 71 ^ 70, it suffices to take the intersection over cov($). □ 

A point x £ X is factorial (Q-factorial) if and only if every Weil divisor is 
Cartier (Q-Cartier) at x. Thus, Proposition 14.71 has the following application to 
singularities. 

Corollary 4.10. Consider a relevant face 70 G rlv($) and point x G X("/q). 

(i) The point x is factorial if and only if Q maps hn(7o) PI E onto K . 

(ii) The point x is ^-factorial if and only if Q (70) is of full dimension. 

Corollary 4.11. The variety X is ^-factorial if and only if $ consists of cones of 
full dimension. 

Whereas local factoriality admits a simple combinatorial characterization, smooth- 
ness is difficult in general. Nevertheless, we have the following statement. 
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Proposition 4.12. Suppose that X is smooth, let 70 <G rlv($) 7 and x <S X(jo). 
Then x is a smooth point if and only if Q maps lin(7o) fl E onto K . 

Proof. The "only if" part is clear by Corollary 14. 101 Conversely, if Q maps lin(7o)n 
E onto K, then Lemma T4.8I savs that the fibre p^{x) consists of a single free H- 
orbit. Consequently, H acts freely over an open neighbourhood U C X of x. Thus 
x is smooth. □ 

Corollary 4.13. Let X C Z be a neat embedding into a torie variety Z as con- 
structed in \3.1S\ and let x G X . 

(i) The point x is a factorial (Q-factorial) point of X if and only if it is a 
smooth (Q-factorial) point of Z . 

(ii) If X is smooth, then x is a smooth point of X if and only if it is a smooth 
point of Z . 

As an immediate consequence of general results on quotient singularities, see [B] 
and [IT]], one obtains the following. 

Proposition 4.14. Suppose that X is smooth. Then X has at most rational sin- 
gularities. In particular, X is Cohen- Macaulay. 

In the case of a complete intersection X C Z, we obtain a simple description 
of the canonical divisor class; the proof given in [5j Theorem 9.1] works without 
changes, and therefore is omitted. 

Proposition 4.15. Suppose that the relations of$ are generated by K -homogeneous 
polynomials g\, . . . , gd € K[Ti, . . . , T r \, where d := r — rank(_ftT) — dim(X). Then, 
in K = Cl(X), the canonical divisor class of X is given by 

d r 

D\ = ^dcgfe)-^dcg(/ 4 ). 

i=i <=i 

A variety is called (Q-)Gorenstein if (some multiple of) its anticanonical divisor 
is Cartier. Moreover, it is called (Q-)Fano if (some multiple of) its anticanonical 
class is an ample Cartier divisor. 

Corollary 4.16. In the setting of Proposition \4-15[ the following statements hold. 

(i) X is Q- Gorenstein if and only if 

r d 

]Tdeg(.A) - ]Tdegte) € f) hn(r), 

i=l j=l tE<S> 

(ii) X is Gorenstein if and only if 

r d 

5>eg(/0 - E de sfe) e fl Q(lin(7o)n£). 

i=l j = l 7oScov(*) 

(hi) X is Q-Fano if and only if we have 

r d 

X)deg(/i) - E de sfe) € fl T °> 

i=l j = l tG<& 

(iv) X is Fano if and only if we have 

r d 

X;deg(/<) - $>eg( ft ) € f) T ° n fl Q(M7o)n£). 

i=l i=l r£<E> 7 Gcov(<1>) 



COX RINGS AND COMBINATORICS II 



2:i 



Example 4.17. Set K := Z 2 and consider the if-grading of K[Ti, . . . , T 5 ] defined 
by deg(Ti) := deg(/i), where Wi is the i-th column of the matrix 




f -1 -1 1 
1 11 2 



Then this A-grading descends to a A-grading of the following factorial residue 
algebra 

R := K[T 1 ,...,T 5 ]/{T 1 T 2 + T*+T i T 5 }. 

The classes /, <E R of Tj € K[Ti, . . . , T5], where 1 < i < 5, form a system J C i? of 
pairwise nonassociated homogeneous prime generators of R and 

$ := {t}, r := cone(z«2, w§) 

defines an 3-bunch with associated projected cone (E A"o,7), where -E = Z 5 , 
and 7 = cone(ei, . . . , eg). The covering collection cov(<i>) consists of 

cone(ei,e 4 ), cone(e 2 ,e 5 ), cone(ei, e 2 , e 3 ), cone(e 3 , e 4 , e 5 ). 

The corresponding variety X = X(R, <&) is a (Q-factorial projective surface. It 
has a single singularity, namely the point in the piece X(jq) for 70 = conc(e2, e§). 
The Picard group of X is of index 3 in C1(X), the canonical class of X is Carticr 
and X is Fano. 

Example 4.18. Let K := Z©Z/3Z, and consider the A'-grading of the polynomial 
ring K[Ti, . . . ,T 6 ] given by 

degCTi) = (1,1), dcg(T 2 ) = (1,2), dcg(T 3 ) = (1,1), 

deg(T 4 ) = (1,2), dcg(T 5 ) = (1,1), dcg(T 6 ) = (1,2). 

Similarly as in the preceding example, this A"-grading descends to a if-grading of 
the factorial residue algebra 

R := K[T u ...,T 6 ]/(T 1 T 2 +T 3 T i +T 5 T 6 ). 

The classes fi £ R of Tj s K[T 4 , . . . , Tq], where 1 < i < 5, form a system $ C R 
of pairwise nonassociated homogeneous prime generators of R and $ := {Q>o} 
defines an 3-bunch with associated projected cone (E — > A'o, 7) with E = Z 6 and 
Ao = Z, where Q sends ej and we have 7 = cone(e 4 , . . . , eg). 

The resulting variety X = X(R, $) is Q-factorial, projective, of dimension 
four and has divisor class group Z © Z/3Z. Its singular locus is of dimension two; 
it comprises, for example, the surface ^(70) for 70 = cone(ei, e 3 , es). The Picard 
group of X is free cyclic and sits in the divisor class group of X as 

(3-Z,0) C Z©Z/3Z. 

Finally, wc figure out the class of varieties that arise from bunched rings. We say 
that a variety X is A-i-maximal if it is Ai and admits no open embedding X C X' 
into an ^-variety X' such that X'\X is small in X' . For example, every projective 
variety is ^-maximal. 

Theorem 4.19. Let X be a normal variety with T(X,0*) = K* and finitely gen- 
erated divisor class group C\(X) and finitely generated Cox ring 1Z(X). Then the 
following statements are equivalent. 

(i) X = X(R,$,(&) holds with some bunched ring (R, $). 

(ii) X is A2~maximal and every Cl(X)° -homogeneous f £ TZ(X)* is constant. 
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Proof. Suppose that X is as in (ii). Set K := Cl(X) and R := K(X). Then 
any / £ R* is necessarily A°-homogeneous and hence by assumption constant. 
Moreover, by Proposition 12. 21 the Cox ring R is factorially A-graded. Consider the 
total coordinate space X = Spec(i?) with its action of H = Spec(K[A]). Then the 
universal torsor px '■ X — > X is a good quotient for the action of H. 

Since X is ^-maximal, the subset X C X must be (iJ,2)-maximal. Thus X 
arises from a 2-maximal collection ^ of orbit cones. Choose any system § of R of 
pairwisc nonassociated A-prime generators. By Proposition 12. 2\ we have a small 
complement X \ p x (X 1 ), where X' <Z X denotes the set of smooth points, and 
H acts freely on p x 1 (X'). This ensures that J is admissible. Denoting by $ the 
collection of minimal members of 'J, we obtain the desired bunched ring (A, 3\ <&). 

Now suppose that (i) holds, i.e., let X = X(R,$,&). By construction, X is an 
^-variety with finitely generated Cox ring. Thus, we only have to show that X 
is ^-maximal. For this, suppose we have an open embedding X C X' with small 
boundary into an v^-variety. Replacing, if necessary, X' with its normalization, 
we may assume that X' is normal. Then X and X' share the same Cox ring R 
and they occur as good quotients of open subsets X C X' of their common total 
coordinate space. By A-maximality of X, we obtain X = X' and thus X = X' . □ 

Corollary 4.20. Let X be a normal Ai-maximal variety with T(X,0) = K and 
finitely generated Cox ring. Then X = X(R, 3, <&) holds with some bunched ring 

Corollary 4.21. Let X be a normal projective variety with finitely generated Cox 
ring. Then X = A (A, J, <&) holds with some bunched ring (A, 3\ <f>). 

5. Ambient modification 

Here, we investigate the behaviour of Cox rings under modifications induced 
from toric modifcations. As a preparation, we first consider modifications Z\ — > Zq 
of toric varieties, their lifting properties to the respective Cox constructions, and 
give an explicit description of the situation in terms of coordinates. 

Let Eo be a fan in a lattice TV, and let V\,...,v r € N denote the primitive 
generators of the rays of Eo- Suppose that V\, . . . , v r generate Nq as a vector space 
and, for some 2 < d < r, we have 

cr := cone(wi, ...,v d ) e E . 

Definition 5.1. Let Voo <E Cg be a primitive lattice vector. We define the index 
of Woo in Co to be the minimal number TOqo £ Z>i such that there are nonnegative 
integers a\ , . . . , a<j with 

rriooVoo = aiVi H h a r v d - 

The star of gq in Eo is defined as star£ (<7o) := {o £ Eo; ctq ^< cr}, and the 
stellar subdivision of Eo at a primitive lattice vector Vrx, £ Cg is the fan 

Ei := (E \ star So (o- )) U {t + €01^(11^); r ^ a £ star So (<7 )}. 

We will consider the Cox constructions Pq : Eo — > Eo and Pi : Ei — > Ei. Recall 
that the fans Eo and Ei live in the lattices 

r r 

F := 0Z ei , Fi := 0Ze, Z eoo 

i=l i=l 

and consist of certain faces of the positive orthants So Q {Fo)q and Si C (Fi)q. 
More precisely, as lattice homomorphisms, the projection maps are given by 

P : F -> A, i-> Pi : Fi — ► A, e< i-> eoo h-> w^; 
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note that in order to have eoo i— > i>oo in the Cox construction of Si, it is necessary 
that Voo G -/V is a primitive lattice vector. The fans So and Si are given by 

So = {S' 1 *o; Po(S'o) C a G S }, Ei = {dj ^ fr; Pi(^) C a G Si}. 

Now, fix nonnegativc integers a\ , . . . , a<j as in Definition 15.1) and define lattice 
homomorphisms 

G: Fi — > F , e 4 i-> e i; i-> oiei H h a^ed, 

Then all the lattice homomorphisms defined so far fit into the following commutative 
diagram 

Fi 

Gi / \ G 




F 



Pi 



iV ■ 



F 



AT 



id 

Note that G defines a map of the fans Si and So and, as well, of the respective 
fans of faces Si and So of the positive orthants <5i and Sq. 

Proposition 5.2. Let Zi,Zi and Zi be the toric varieties associated to the fans 
Si,S 2 ; and Sj respectively. Then the maps of the fans just defined give rise to a 
commutative diagram of toric morphisms 




where ir : Z\ — > Zq properly contracts an invariant prime divisor, pi : Zi — > Zi are 
universal torsors, W: Z\ — > Zq is the quotient for a K* -action andWi: Z\ — > Z\ is 
the quotient for an action of the group G moo of rrioo -th roots of the unity. 

As announced, we will also look at this in terms of coordinates. For this, recall 
that, given a point y of any affine K*-variety Y, one says that 

• the limit lmi t ^Qt-y exists, if the morphism K* — ► Y, t t— ► t-y admits a 
continuation to K, 

• the limit lim^oo t-y exists, if the morphism K* Y . t ^ i -1 -y admits a 
continuation to K. 

Moreover, one defines the plus and minus cells of the affine K*-variety Y to be the 
closed subsets 

Y + := {y G Y; lim t-y exists}, Y~ := {y G Y; lim t-y exists}. 

t— +0 ' t— too 

The fixed point set Y° C Y is given by Y° = Y + nY~. We denote by Y s := 
Y \ (Y+ U Y~) the union of all closed K*-orbits. 
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Lemma 5.3. Consider the coordinates Zi,...,z r on Zq = K r corresponding to 
ei, . . . , e r G Fq and z%, . . . , z r , on Z\ = K r+1 corresponding to e±, . . . , e r , eoo G 
Ft. 

(i) The K* -action on Z\ and its good quotient tt: Z\ — > Zq are given by 

t 'yZ\) . . . 5 Z ri Zqq ) — (t Zq , . . . , t d Z^, Zd-\-l , • ■ • , Z r , tz^ ) , 
7r(zi,...,Z r ,Zoo) = {z^Zl,...,Z^Z d ,Zd+l,---,Z r ). 

(ii) P/its and minus cells and the fixed point set of the K* -action are given by 

z\ = V(Zi\zi,...,z d ), 
Z l = V{Z 1 \z 00 ), 
z\ = V(Z x \zx,. . . , ZdjZoo). 
In particular, Z x = p^ l (E), where E C Z\ is the exceptional divisor of 

TT : Zi — > Zq . 

(iii) The images of Z 1 and Z 1 under tt : Z\ — > Zo bo£/i eguaZ V(Zq; Zi, . . . , Zd), 
we have Z 1 CZi\ Z\ and 

~z\ n Zi = z'l n 7r _1 (^ ) 

(iv) T7ie C moa -action on Zi and its good quotient 7F1: Zi — ► are given by 

(zi , . . . , z r , Zqo) — (^1) * • • j ^r*; C^oo)) 
tF^i,...,^,^) = (zi, . . . ,z r ,z™~). 

Proof. Everything is obvious except, maybe, the displayed equation of the third 
assertion. To verify it, take any face S[ -< Si such that the associated distinguished 
point x$' lies in Z Y . Then we have e^o ^ S'i and {ei, . . . , ed} % S[. Using this, we 
see 

Pi(S'i) c n gEi 

G(<5i) eS 
e 7T _1 (z ). 

□ 

Now wc turn to the effect of the toric modifications tt: Zi — > Zo as just studied 
on subvarieties Xi C Zi and Xo C Zq with 7r(Xi) = Xo. A first step is to formulate 
conditions on the ambient modification such that it preserves neat embeddings. 

Let Z be an irreducible variety, X C Z a closed irreducible subvariets, and 
suppose that X and Z are both smooth in codimension one. Given an irreducible 
hypersurface E C Z such that D := X n E is an irreducible hypersurface in X, we 
say that some /ocaZ equation for E C. Z restricts to a local equation for D C X, 
if there are an open subset W C Z and an / € O(V^) with £7 n W = div(/) and 
Wnfl^fl such that on U := W H X wc have L> n f7 = div(/i) for the restriction 
ft := f\w 

Definition 5.4. Let 7r: Z\ — > Zq be the toric morphism arising from a stellar 
subdivision of simplicial fans, Ti the big torus of Zi, and E = T±-z C Zi the 
exceptional divisor. Let Xi C Zi and Xo C Zq be irreducible subvarieties such that 
Xi is smooth in codimension one and 7r(Xi) = Xo holds. We say that tt: Zi ^ Zq 
is a neat ambient modification for Xi C Z\ and Xo C Zq if £) := Xi n E is an 
irreducible hypersurface in X\ intersecting T x -z, some local equation for E C Zi 



X S > G Z : 
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restricts to a local equation for D C X\, and Xq n ir(E) is of codimension at least 
two in Xq. 

Note that for a neat ambient modification ir : Z\ — > Zo the subvarieties Xi C Zi 
and Xo C Zo intersect the big torus orbits in Z\ and Zq respectively. Moreover, 
Xq inherits the property of being smooth in codimension one from X\ . 

Proposition 5.5. Let it: Z\ — > Zq be a neat ambient modification for irreducible 
subvarieties X\ C Z\ and Xq C Zq, 6ot/i feeing smooth in codimension one. Then 
the following statements are equivalent. 

(i) Xq C Zq is neatly embedded. 

(ii) X\ C Zi is neatly embedded. 

Proof. We denote by To and Xi the acting tori of the ambient toric varieties Zq and 
Z\ respectively. 

We prove the implication "(i)=^(ii)". In order to verify Property 12.51 (i) for 
X\ C Zi, let Ei = T\-Z\ be any invariant prime divisor of Z\. If E\ = E holds, 
then the definition of an ambient modification guarantees that D\ = Xi D E\ is as 
wanted. 

For Ei ^ E, note first that X\ intersects Ti-Z\, because Xq intersects the one- 
codimcnsional orbit To-7r(^i). Thus, D\ = Xi n E± intersects T\-z\. Since Zi is 
Q-factorial, Ei is locally the zero set of a function. Consequently Di is of pure 
codimension one in X\. Moreover, 

Di\E = Xif)Et\E = 7r" 1 (X n7r( J Bi)\7r( J B)) 

is irreducible. Since Xi n E is irreducible and not contained in E±, we see that 
there are no components of D\ inside E. Thus, Di is irreducible. 

We verify Property 12.51 (ii) for Xi C Zi . Let n : X\ — > Xq be the restriction of 
7r: Zi ^ Zq. Then we have the canonical push forward homomorphisms 

7T*: C\{Zi) Cl(Zo), : G\{Xi) ~> C1(X ), 

sending the classes of the exceptional divisors E £ Zi and D = X\ n £7 C Xi 
to zero. Denoting by : Xj — ► the embeddings, Property 12.51 (i) allows us to 
work with the pullback maps i* : Cl(Zj) — > Cl(Xj) as in Remark 12.41 and obtain a 
commutative diagram with exact rows 

^ Z-[E] Cl(Zx) C\{Zq) > 



»-Z- 



£>] Cl(Xx) — + C1(X ) 



Note that %-\E\ C Cl(Zi) as well as Z-[D] C Cl(Xi) arc nontrivial and free. Since 
some local equation / <E 0(W) of J5 C Zi restricts to a local equation h £ 0(U) of 
D C Xi, we obtain 

DnZJ = div(/i) = **(div(/)) = (i£(E))nl7 

on the open set {/ = W PI Xi. Sine -E 1 and D are irreducible hypcrsurfaces, we can 
conclude D — i\{E). Thus, i\: 1[E] — > Z[D] is surjective, and hence an isomor- 
phism. Then, by the Five Lemma, also i\ : Cl(Zi) — * Cl(Xi) is an isomorphism. 

We turn to the implication "(ii)=>(i)". In order to verify Property 12.51 (i) for 
Xo C Zq, let Eq C Zq be any invariant prime divisor. Then Eq = n(E\) holds with 
a unique invariant prime divisor Ei £ Zi. Moreover, we have 

Xq n Eq \ n(E) = 7T(Xi D El \ E). 
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Since X\ H E\ \ E is irreducible, the same holds for Xq <1Eq\ tt(E). Thus, in order 
to see that Xo n Eq is irreducible, we only have to show that it has no irreducible 
components inside Xq C]tt(E). Since Zo is Q- factorial, some multiple uEq is locally 
principal. Consequently, all components of Xq n Eq are hypersurfaces in Xq and 
none of them can be contained in the small set Xq n tt(E). 

We establish Property 12.51 (ii) for Xo C Zq. Having already verified [2"31 (i), we 
may use the pullback map %q : C\(Zq) — > Cl(Xo). As before, let k: X\ — > Xo be the 
restriction of 7r : Zi — > Zq . Then we have a commutative diagram 







■Z-[E] 







Cl(Zx 



C1(Z ) 







Cl(Xx) 



C1(Xq 







D]- 

Again, the rows of this diagram are exact sequences. Using, e.g., the Five Lemma, 
we see that Iq: G\(Zq) — > Cl(Xo) is an isomorphism. □ 

Corollary 5.6. Let Z\,Zq be ^-factorial toric varieties with T(Zi,0*) = K*, and 
let 7r : Z\ — > Zq be a neat ambient modification for X\ C Z\ and Xq C Zq . Denote 
by pi'. Zi — > Zi the toric Cox constructions and set Xi := p^ 1 (Xi). 

(i) If Xq C Zq is neatly embedded, X\ is normal with T{Xi 1 0*) = K* and Z\ 
is smooth, then p\ : X\ — * X\ is a universal torsor of X\ . 

(ii) If Xi C Z\ is neatly embedded Xq is normal with r(Ao,C*) = K* and Zq 
is smooth, then po : Xq — > Xq is a universal torsor of Xq . 



Proof. The statements are a direct consequence of Proposition 
lary 



and Corol- 
□ 



We investigate the effect of a neat ambient modification on the total coordinate 
space and the Cox ring. Let ir: Z\ — > Zq be the toric morphism associated to a 
stellar subdivision of simplicial fans. Then Proposition l5. 21 provides a commutative 
diagram 




where pi \ Zi — > Zi are universal torsors, 7f: Z\ — > Zq is the good quotient for a 
K*-action on Z\, and 7fi : — > Zi is the quotient for the action of the group C moo 
of moo-th toots of unity, where denotes the index of the stellar subdivision. 

Now, suppose that 7r : Z\ — * Zo is a neat ambient modification for two irreducible 
subvarieties X\ C Zi and Xq C Zo. By definition, we have Xq = ~k(X\) and both, 
X\ and Xo, are smooth in codimension one. Consider the restriction k: X\ — > Xo 
of 7r: Zi — > Z , the inverse images X := Pr 1 !^*)! their closures Xj C Z i; the 
inverse image Yi := 7f|f 1 (Xi), its closure Y\ C Zi and the restrictions k, k and k 
of 7r, 7r and 7f as well as k\ and ki of tt\ and 7F1 respectively. 
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Lemma 5.7. In the above setting, Y± C Z\ is C TOoo -invariant and K* -invariant. 
If To C Zq denotes the big torus orbit, then one has 

Y 1 = tt^(Xi) = r^oHTo). 

If one of the embeddings Xi C Zj is neat, then Y\ is irreducible, and one has a 
commutative diagram 




X l Y 1 X 



X\ Xq 

/Hi Pi Po / H a 

Xi ^x 

Proof. Let Ti C Zi denote the respective big torus orbits. The first statement 
follows from the fact that Y\ C Z is the closure of the following C moo -invariant and 
K* -invariant subset 

^(prV'^onTo))) = TT^o^XonTo)) c Fx. 

If one of the embeddings Xi C Zj is neat, then Proposition l5.5l ensures that Xo C Zo 
is neat. Theorem 12.61 then guarantees that p ~ 1 (Xq H To) is irreducible. This gives 
the second claim. The commutative diagram is then obvious. □ 

This statement shows in particular that Y\ can be explicitly computed from 
either X\, or Xq and vice versa. Cutting down the minus cell Z 1 of the K*-action 
on Zi, we obtain the minus cell for the induced K*-action on Y\: 

y; = Y 1 n z~. 

Since 7F 1 " 1 (Z 1 ) = Z x holds and Jf^ 1 equals the identical map along Z 1 , we see 
that the group H\, acting on Z\, leaves Y 1 invariant. 

Definition 5.8. We say that the neat ambient modification it: Z\ — > Zo for X\ C 
Z\ and C Zo is controlled if the minus cell Y 1 is 7?i-irreducible, i.e., Hi acts 
transitively on the collection of irreducible components of Y 1 . 

Note that in the case of a torus Hi, being controlled just means that the minus 
cell Y 1 is irreducible. For our first main result on modifications, we recall the 
following notation: given a toric variety Z with toric prime divisors Ei, . . . , E r C Zo 
and Cox construction p: Z — > Z and a closed subvariety X C Z, we set 

W z := Z\\jEinE j} := P^ 1 ^), 

W x :=W z OX W T ■= W-^nX. 

Theorem 5.9. Let Zi,Zq be <Q-factorial toric varieties with r(Z,,C*) = K* , and 
let 7r: Zi — > Zo fee a «eai ambient modification for Xi C Zi and Xo C Zo, where 
Xq C Zo is neatly embedded and Wx x is normal with Y(Wx 1 ,0*) = K*. Suppose 
that Xo\^"o * s °/ codimension at least two in Xq and that n: Zi — > Zo is controlled. 
(i) T/ie complement Xi \ Xi is of codimension at least two in X\. Moreover, 
if Xi is normal, then so is Xi and X\ — > Xi is a universal torsor of X±. 
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(ii) The normalization of X\ has finitely generated Cox ring and it has the 
Hi-equivariant normalization of Xi as its total coordinate space. 

Note that if the embedding Xq C Zq is obtained as in Construction ^ . 1 31 then any 
neat controlled ambient modification tt : Z\ — > Zq for normal subvarieties X\ C Z\ 
and Xq C Zq fullfills the assumption of Theorem 15.91 Before giving the proof, we 
note an immediate consequence. 

Corollary 5.10. Let Z\, Zq be ^-factorial toric varieties with T(Zi, O*) = K* and 
7r: Z\ — > Zq a neat controlled ambient modification for X\ C Z\ and Xq C Zq, 
where Xq C Zq is normal, neatly embedded and Xq \ Xq is of codimension at least 
two in Xq . If Y i is normal, then X\ is normal with universal torsor X\ — ► X\ and 
it has X\ together with the induced H\-action as its total coordinate space. 

Proof. The fact that Y\ is normal implies that X\ = Y\jC mao and X\ = X\jH\ 
are normal. Thus, we may apply Theorem 15.91 □ 



The proof of Theorem l5.9l uses the following observation on K*-varieties Y; recall, 
that we denote the fixed point set by Y° and the set of closed one-dimensional orbits 
by Y s . 

Lemma 5.11. Let Y be an irreducible affine K* -variety with quotient ir: Y — > 
Y//¥±* such that tt(Y°) is small in Y//W and Y \Y~ is affine. Then, for any open 
invariant Fey with Y s \ V small in Y , the following statements are equivalent. 

(i) The complement Y \ V is small in Y . 

(ii) The complement Y \ V comprises no component ofY~. 

Proof. Suppose that (i) holds. Since Y\Y~ is affine, every component of the minus 
cell Y~ is a hypersurface. In particular, the small complement Y\V cannot contain 
any component of Y~ . 

Now suppose that (ii) holds. The complement of V in Y can be decomposed as 
follows into locally closed subsets: 

Y\V = Y S \V U Y~\V U Y + \V. 

By assumption, the first two sets are small in Y. So, it suffices to show that Y + is 
small in Y . Since Y \ Y~ is affine, the same holds for (Y \ Y~)/W . Consequently, 
in the commutative diagram 

Y\Y~ c y 

/K* 

(Y\Y~)/K* ^Y//K* 

the induced (projective) morphism of quotient spaces is finite. Thus, since tt{Y°) 
is small in Y//K*, we see that 7r_(y+) is small in (Y \ Y~)/K*. Consequently, 
Y + \ Y~ must be small in Y \ Y~ . This gives the assertion. □ 



Proof of Theorem \5.(A Only the assertion that X\ \ X\ is small, needs a proof; the 
remaining statements are direct applications of Corollary 12.71 In order to verify 
that X\ \ X\ is small, it suffices to show that Y\ \ Y\ is small. The idea is to apply 
Lemma T5. Ill to the K* -variety Y±. Let us check the assumptions. 

Since Xq C Zq is neatly embedded and pq is cquidimcnsional, the complement 
Xq \ = Pq 1 (Xq \ Wx ) is small in Xq. Denote by D C X\ the exceptional 
divisor. Then Lemma 15.31 (iii) tells us that the image of the fixed point set under 
the quotient map k: Y\ — -> Xq satisfies 

K(F?)nx c pq\-k{d)) c Xq\Wx . 
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As observed before, the latter set is small, and, moreover X \X is small by assump- 
tion. Consequently k(Y x ) is small in Xq. Since, in the notation of Lemma l5.3[ we 
have Y 1 = V(Y\, Zoo), theset Y\\Y 1 is affine. Moreover, again bv Lemma l5.3l (iii). 
we have 

y\ n Yi = Y 1 nz s 1 nz 1 = Y x nzl n7f- x (z ) = YlnK^iXa). 

Since k: Y^ — » k(Yi) has constant fibre dimension (one) and Xq \ Xq is small, we 
can conclude that Y\ \ Y\ is small. Since Y \ intersects Yi, and the ambient mod- 
ification Z\ — > Zq is controlled, we obtain that every component of Y 1 intersects 
Yi. Thus, we may apply Lemma T5.1 f [ and obtain that Yi \ Y\ is small. □ 

Our second main result on modifications treats the case of contractions, i.e., we 
start with a neatly embedded subvariety X\ C Z\. 

Theorem 5.12. Let tt: Z\ — > Zq the toric morphism associated to a stellar sub- 
division of simplicial fans and suppose T(Zi,0*) = K*. Let X\ C Z\ be neatly 
embedded with Wx t normal and r(Wx 1 ,C*) = K*. Set Xq := tt(Xi) and suppose 
that X\ \ X\ is of codimension at least two in X\. 

(i) The embedding Xq C Zq is neat and n: Z\ — > Zq is a neat controlled 
ambient modification for X\ C Z\ and Xq C Zq . 

(ii) The complement Xq \ Xq is of codimension at least two in Xq . If Xq is 
normal, then so is Xq and Xq — > Xq is a universal torsor of Xq. 

(iii) The normalization of Xq has finitely generated Cox ring and it has the 
Ho-equivariant normalization of Xq as its total coordinate space. 

Again we state a consequence before proving the result; note that, below, if the 
neat embedding X\ C Z\ is obtained by Construction 13.131 and the index of the 
ambient modification equals one, then all assumptions are satisfied. 

Corollary 5.13. Let Z\, Zq be Q-factorial toric varieties with T(Zi, O*) = K*, and 
let tt: Z\ — > Zq be a neat ambient modification for X\ C Z\ and Xq C Zq, where 
X\ C Z\ is normal, neatly embedded and Xi \ X\ is of codimension at least two in 
X\. Then, ifY\ is normal, Xq is normal with universal torsor Xq — > Xq and Xq 
together with the induced HQ-action as its total coordinate space. 

Proof. The fact that Y\ is normal implies that Xq = Y\/K* and Xq = Xq/Hq are 
normal. Thus, we may apply Theorem 15. 121 □ 

Similarly as for our first main result, we need also for proving the second one an 
observation on K*-actions. 

Lemma 5.14. Let Y be an irreducible affine K* -variety admitting nontrivial ho- 
mogeneous global regular functions of positive degree. Then, for any irreducible 
component B C Y , we have B C Y+ \ Y°. 

Proof. Since there are functions of positive degree, we have Y Y~. Thus, we 
have the following commutative diagram with the induced projective morphism tp 
of quotient spaces 

Y\Y- c y 

/K* 

(Y\Y~)/K*~ -Y//K* 

Now, 7r maps Y° bijectively onto 7r(Y°). Hence tt(B) is an irreducible component 
of 7r(Y°). Thus, there is an irreducible component A C -kZ 1 {<P~ 1 {'k{B))) with 
n(A) = tt{B). For this component, we have A C Y+ \ Y° and B CA. □ 
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Proof of Theorem ] 5.1 SI Let E C Z\ be the exceptional divisor. Since X\ C Z\ is 
neatly embedded, D := Xi D E is an irreducible hypersurface in X\. Its inverse 
image with respect to pi : X\ — > A"i is the irreducible hypersurface 

P ^(D) = i\nz~ = 7fi(?inFT) c Xl 

Since 7F1 equals the identity along W^ 1 (Z 1 ) = Z 1 , the set Yi H is -f/i -irreducible. 
By Lemma 15.31 (ii), the minus cell Y 1 is the zero set of a function and hence of 
pure codimension one. Since X\ \ X\ is small, the same holds for Y\ \ Y\, and we 

can conclude that also Y x is iJi-irreduciblc. 

In order to obtain that ir : Z\ — > Zq is a neat in controlled ambient modification, 
we still have to show that D = X\ n E has a small image 7r(D) in Xq. Using 
Lemma 15.31 (ii) we observe 

tt(D) = n^nE) = 7r(pj (tt! (?!nFi))) C p (tF ( Y~ ) n Xo) . 

Thus, we have to show that tt(Y 1 ) = TfiY^ is of codimension at least two in Xq. 
For this, it suffices to show that Y° x is of codimension at least three in Xq. But 
this follows from the facts that, according to Lemma f5 . 14t any component of Y 1 is 
a proper subset of a component of Y \ , and that we have Y 1 C Yi \ Yi, where the 
latter set is small in Y±. 

Let us see, why Xq\Xq is small in Xq. First note that we have 7f(Yi) C Xq. Thus, 
if Xq\Xq would contain a divisor, then also Y\ \Y\ and hence X\\X\ must contain 
a divisor, a contradiction. All remaining statements follow from Corollary 12.71 □ 

6. Combinatorial contraction 

We take a closer look at Q-factorial projective varieties with finitely generated 
Cox ring. Corollaries 14.31 and 14.101 tell us that all those sharing a common Cox 
ring have the same moving cone and their semiample cones are the full dimensional 
cones of a fan subdivision of this common moving cone. Moreover, any two of them 
differ only by a small birational transformation, i.e., a birational map, which is an 
isomorphism in codimension one. 

Conversely, if any two Q-factorial projective varieties with finitely generated 
Cox ring differ only by a small birational transformation then their Cox rings are 
isomorphic, and hence, up to isomorphism, both of them show up in a common 
picture as above. In this section, we link all these pictures to a larger one by 
studying certain divisorial contractions. The following concepts will be crucial. 

Definition 6.1. Let X be Q-factorial projective variety with finitely generated 
Cox ring. 

(i) We call a class [D] £ Gl(X) combinatorially contractible if it generates an 
extremal ray of the effective cone of X and, for some representative D, all 
vector spaces T(X, 0(nD)), where n > 0, arc of dimension one. 

(ii) We say that the variety X is combinatorially minimal if it has no combi- 
natorially contractible divisor classes. 

As we will see, combinatorial minimality of X is equivalent to saying that the 
moving cone of X equals its effective cone. Moreover, a surface X turns out to 
be combinatorially minimal if and only if its semiample cone equals its effective 
cone; for example, Pi x Pi is combinatorially minimal, whereas the first Hirzcbruch 
surface is not. The following theorem shows that one may reduce any X in a very 
controlled process to a combinatorially minimal one. 



COX RINGS AND COMBINATORICS II 



Theorem 6.2. For every Q-factorial projective variety X with finitely generated 
Cox ring arises from a combinatorially minimal one Xq via a finite sequence 

X = X' n >■ X n -^n— 1 *" ' ' ' *" Xb = Xq 

where X- >-Xi is a small birational transformation and Xi ^~X' i _ 1 comes 

from a neat controlled ambient modification of ^-factorial projective toric varieties. 

The crucial part of the proof of this statement is an explicit contraction crite- 
rion for varieties arising from bunched rings, see Proposition 16.71 There, we also 
explicitly describe the contracting ambient modification, which in turn allows com- 
putation of the Cox rings in the contraction steps. 

Let (i?, 5, be a bunched ring with $ = {/i, ■ ■ ■ , fr} an d (E -^-> K, 7) as its 
projected cone. The diagonalizable group H := Spec(K[i<sr]) acts on X := Spec(JJ). 
Defining a AT-grading on K[Ti, . . . ,T r ] by deg(Xi) := Wi =: deg(/i), we obtain a 
graded cpimorphism 

K[T 1 ,...,T r ] -» R, Ti » ft. 

This gives rise to an ff-equivariant closed embedding X — > Z, where Z = W . Note 
that the actions of H on X and Z define two collections of orbit cones, namely 
fljj(X) and VIh{Z). These collections in turn give rise to two GIT-fans, A(X) and 
A{Z). Since Q ff (X) C Q ff (Z) holds, A{Z) refines A(X). 

Let us briefly recall how to construct neat embeddings in terms of A(Z). The 
map Q: E — > K, e, 1— > defines two mutually dual exact sequences of vector 
spaces 

>■ Lq — ^ iV Q 



-77- E Q Mq 

As earlier, write e%, . . . , e r € F for the dual basis, set 5 = j v and := P(ej) e iV. 
Note that dealing with projective X and Z amounts to requiring that the image 
Q°(l) C AT^ is pointed. There is an injection 

A(Z) — > {maximal compatible 6 C faces(c))} 

V ~ {70; A° C Q°(7o) } 

and the maximal projectable collections 6 assigned to the rj € A{Z) are precisely 
those having a polytopal image fan S in N with its rays among Qi := Qxr^i, where 
1 < i < r. In fact, £ is the normal fan of the fiber polytope (Q°)^ 1 (w°) IH7 for any 
w° e 77°. As a consequence of Construction 13. 131 and Proposition ^. 14[ we note the 
following. 

Remark 6.3. Suppose that the variety X associated to (R, $) is Q-factorial and 
projective. Then, for any 77 6 A(Z) with rj° C Ample(A), we obtain a neat embed- 
ding X — > Z into the toric variety Z arising from the image fan of 77. Moreover, 
Z is Q-factorial and projective. We call the neat embeddings X — > Z constructed 
this way associated neat embeddings. 

We are ready to introduce the "bunch theoretical" formulation of combinatorial 
contractibility. In the above setup, it is the following. 

Definition 6.4. We say that a weight W{ = deg(/j) € K is exceptional, if Q>o-u>,: 
is an extremal ray of Q (7) and for any j 7^ i we have ^ Qxr^i- 
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Example 6.5. Consider the two gradings of the polynomial ring K[Ti, . . . , T4] 
assigning Zj the degree Wi G 1? as follows; the shaded area indicates Q°(7). 



Then in the first one W\ is not exceptional, but in the second one it is. Note that 
these configurations define Pi x Pi and the first Hirzebruch surface. 

Lemma 6.6. Consider a chamber rji G A(Z), the corresponding maximal pro- 
jectable fan Si and the associated image fan Si. Suppose that 

r 

dim (771) = dim(Kq), 77° C Q cone(e;; 

i=i 

holds, i.e., the fan Si is simplicial and all Q\, . . . , g r belong to Si, and fix any index 
i with 1 < i < r. Then the following statements are equivalent. 

(i) There is a polytopal simplicial fan So such that Si is the stellar subdivision 
of So at the vector Vi . 

(ii) The weight Wi is exceptional, there is a chamber 770 G A(Z) of full dimen- 
sion, with to? G ?7o and tjq n 771 is a facet of both, 770 and 771 . 

If one of these statements holds, then one may choose So of (i) to be the image fan 
of the maximal protectable fan associated to 770 of (ii), and, moreover, one has 

%n?7i = n ncone(w°,...,w°_ 1 ,Wi +1 ,...,w°). 

Proof. For the sake of a simple notation, we rename the index i in question to 00 
and renumber our vectors in N to v± , . . . , v s , Voa . 

Suppose that (i) holds. Then we obtain the following maximal projectable sub- 
fans of the fan of faces of the positive orthant 5 = cone(ei, . . . , e s , eoo) in Fq: 



S 







Si 
Sqi 



= {£0 ^ cone(ei, . . . ,e s ); P(S ) G S }, 

= {So ^ cone(ei,...,e s , e^); P(5q) G Si}, 

= {So ^ cone(ei, . . . , e s ,ej; P(S ) C a G S }. 



Note that So and S01 have So as their image fan, whereas Si has Si as its image 
fan. Let 6o,@i and 801 denote the compatible collections of faces of 7 C Eq 
corresponding to So, Si and S01. The associated chambers in A(Z) are given by 

Vo = f| Q°(0 ), m = P| Q°(0i), 770! = f) Q°(6 Q1 ). 

d e§ eie§i e ie§ i 



Moreover, as So and Si are subfans of S01, Proposition 13.91 tells us that 7701 is a 
face of both, 770 and 771 . 

Since the fan So is simplicial, the map F is injective along the cones of So, which 
in turn implies that 770 is of full dimension. Moreover, since Q>o'eoo ^ So holds, 
we obtain 

w° x G 770, 770 % cone(w1,...,w° s ). 

In particular, we see that is exceptional. The only thing, which remains to be 
verified is that 7701 is of codimension one in Kq. For this, let a G So be any cone 
with goo C a. Then a is generated by some Vi 1} . . . , Vi d , where 1 < id < r. We set 



(T := cone(e il , . . . ,e id ) G S , a i '■= cone(e il , . . . , e id , e^) G S 



Oli 
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Using this notation, we obtain the following decompositions of the chamber 7701 and 
its relative interior: 

voi = n qo ^o) n n Q°(a *i), 
vox = n q'w n n q°o?oi)°- 

For any a e Eq, the cone Q°{o^q) is of full dimension in Kq. For a cone c S So 
with goo C a, the cone Q°(5 : o 1 ) must be of codimcnsion one in Kq, because it is 
not of full dimension and generated by one ray less than Q°(So). 

Now, there is a unique minimal k G So comprising g^. For any further a G So 
comprising g^, we have Q°(ooi) Q Q°(/?oi)- Thus, the above decompositions of 
7701 and 77Q! show that 7701 is of codimcnsion one. 

Suppose that (ii) holds. Let So denote the maximal projectable fan correspond- 
ing to 770, and let So be its image fan in N. Note that So is simplicial, since 770 is 
of full dimension. 

Since w ^ is exceptional and belongs to 770, we have 770 % cone(iu5, . . . , uP s ). 
Moreover, Q>o-eoo £ Si implies 771 C cone(wi, . . . , w° s ). Thus, we obtain 

Vo n 1)1 C 770 n cone(77j°, . . . ,w° s ). 

By dimension reasons, this must even be an equality. Moreover, we note that the 
hypcrplanc Hqi in Kq separating 770 and 771 does not contain w ^. 

We show now that any gi with 1 < i < s must belong to So- Suppose that some 
gi does not. As before, we obtain 

?7o n 771 = 770 n cone(w°,...,w°_ 1 ,Wt +1 ,...,w s ,w1 o ). 

The left hand side is contained in the separating hypcrplanc Hoi, and the right 
hand side contains W^. A contradiction. 

Now consider the stellar subdivision S2 of So in g^. Then S2 is a polytopal 
simplicial fan. Thus 

S 2 := {5 ^cone(e 1 ,...,e s ,e 00 ); P(6 ) €^2}, 

arises from a full dimensional chamber 772 G A(Z). As seen in the proof of "(i)=>(ii)" , 
the chambers 770 and 772 share a common facet. This gives 

Vo n 7/2 = 7/0 n cone(w°, ...,w°) = 770 n 7/1. 

Since the cones 770, 771 and 772 all show up in a common fan, we may conclude 
Vi = V2- This implies Si = S2. □ 

Proposition 6.7. Let X\ be a ^-factorial projective variety arising from a bunched 
ring (R, and let D\ C X\ be the prime divisor given by p* x D\ = div(fi) for 
the generator /j G Then the following statements are equivalent. 

(i) There are associated neat embeddings X\ C Z\ and Xq C Zq into Q- 
factorial projective toric varieties and a neat controlled ambient modifica- 
tion Z\ — > Zq for X\ C Z\ and Xq C Zq contracting D\ . 

(ii) The weight Wi := deg(/,) € K is exceptional and w® € Ao holds for a full 
dimensional Xq € A(X) having a common facet with Ai := SAmple(JTi). 

If (ii) holds, then any pair 770,771 G A(Zi) of adjacent fulldimensional chambers 
with with rj° C A° defines a neat controlled ambient modification Z\ — > Zq as in (i). 
Moreover, Xq is a ^-factorial projective variety with finitely generated Cox ring. 
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Proof. Suppose that (i) holds. Then the ambient modification Z\ — ► Zq comes 
from a stellar subdivision Si — > So at := P(e,). According to Lemma l6.6[ the 
stellar subdivision So — ► Si corresponds to a pair 770, 771 G A(Zi) of full dimensional 
chambers having a common facet and iu, G 770- Then we have 77^ C Aj with unique 
Aj G A(Ai), and these A^ are obviously as wanted. 

Suppose that (ii) holds. Choose any full dimensional 770 G A(Zi) such that 
f?o C Ao holds and 770 has a facet 7701 inside AoflAi. Since 770 2 cone(wj; j 7^ i) holds, 
we have Wi G 770. Let 771 G A(Zi) be the fulldimensional cone with 7701 r< 771 and 
Vi Then Lemma 16.61 tells us that the pair 770,771 defines a stellar subdivision 

Si — > So of fans at tj,; = P(ei). 

Let be the toric varieties associated to Ej, and let 7r: Zi — > Zo denote the 
toric contraction morphism associated to the stellar subdivision Ei — » Eo. Let 
Wi C Zj denote the sets of semistable points corresponding to the chambers 77^, 
and let qi : W% — > Zi be the quotient maps. Then we have W\ = Z\ and q± = p\. 
Moreover, in Zo, we observe 

9o(Ai n Wo) = ^(^(AinTi)) = A , 

where Ti C Z\ denotes the big torus. In particular, we see that Ao is the good 
quotient space of an open subset of X\ and thus is normal. As it arises from a full 
dimensional chamber, it is moreover (Q-factorial. Finally, Theorem 15. 121 guarantees 
that 7r : Z\ — > Zq is a neat controlled ambient modification. □ 

Combining this Proposition with the descriptions of the moving cone and the 
semiample cone given in Proposition ^. 11 we obtain the following characterizations 
of combinatorial minimality. 

Corollary 6.8. A Q-factorial projective variety with finitely generated Cox ring 
is combinatorially minimal if and only if its effective cone and its moving cone 
coincide. 

Corollary 6.9. A Q-factorial projective surface with finitely generated Cox ring 
is combinatorially minimal if and only if its effective cone and its semiample cone 
coincide. 

Proof of Theorem 1 6. 2i We may assume that A arises from a bunched ring. Then 
any contractible class [D] on A defines an exceptional weight. By a suitable small 
birational transformation, we achieve that the semiample cone of A has a common 
facet with a full dimensional chamber containing this exceptional weight. Now we 
can use Proposition ^ . 71 to contract the class [D] and obtain a Q-factorial projective 
variety with finitely generated Cox ring. Repeating this procedure, we finally arrive 
at a combinatorially minimal variety. □ 

In order to underline the computational nature of combinatorial contraction, we 
discuss an explicit example; it provides a non-toric surface that contracts to the 
projective plane. 

Example 6.10. We consider again the Q-factorial projective surface of Exam- 
ple HH3 This time, we call it Ai; it arises from the bunched ring 

R = K[T 1 ,...,T 5 ]/(T 1 T 2 + T$ + T i T 5 }, 

with the system # consisting of the classes fa G R of Tj G K[T\, . . . , T5]. The 
A-grading of R is given by deg(/,) := u>;, with the columns w; of the matrix 




1-10-11 
1 11 2 
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and the J-bunch $ consists of the ample cone r = cone(w2, W5). The weight W4 E K 
is extremal, and thus there must be a contraction. 

To determine the contraction explicitly, we need an associated neat embedding 
into a toric variety as in Remark 1 6. 3 1 The two GIT- fans look as follows; the shaded 
area indicates Q°("f). 





A(Xi) A(Zi) 

We choose as toric ambient variety of X\ the toric variety Z\ defined by the GIT- 
cone generated by w 2 and w 3 . Consider 

10-1 10 
Pi := 1 -1 -1 

-10-1 1 



Then the rays of the fan Si of Z\ are the rays through the columns v\, 
the maximal cones of Si are explicitly given as 



, V5 and 



cone(vi,v 2 ,v 3 ), cone(«i, v 2 , v 5 ), cone(ui, v 3 , u 4 ), 

cone(«i,«4,U5), cone(v 2 ,v 3 ,v 5 ), cone(u 3 , v i} v 5 ). 
The toric ambient modification Si — > So corresponding to the chambers cone(u>2, W4) 
and cone(w3, w 2 ) of the fan A(Zi) contracts the ray V4. Thus, the primitive gener- 
ators of So are the vectors v\, v 2 , V 3 , v§ and its maximal cones are 

cone^i,^,^), cone(wi,w 2 ,-u 5 ), conc(w 2 , v 3 , v 5 ), cone(ui, v 3 , v 5 ). 

Note that the last one contains the vector 114; in fact, we have W4 = 2v\ + v 3 + 3i>5. 
The index of the stellar subdivision Si — > So equals one, and the associated toric 
morphism 7F : Z\ — > Zq of the toric total coordinate spaces is given by 

(zi,...,z 5 ) 1 ► (zizl,Z2,z 3 Zi,zlz 5 ). 

According to Theorem 15. 121 the total coordinate space of Xq is given as Xq = 
Jf(Xi). One easily checks that the vanishing ideal Xo in Zq = K 4 is generated by 
the polynomial 

T X T 2 + Ti + T 4 . 

In particular, we see that the total coordinate space Xq is the affine 3-space; it can 
explicitly be parametrized by 

K 3 -> X , (wi,w 2 ,w 3 ) -> (wi,w 2 ,w 3 ,-wiw 2 -wl). 

Using this, we obtain that the induced action of Hq = K* is scalar multiplication. 
Thus, Xq is a projective plane. Note that the map Xi — > Xq contracts the smooth 
rational curve pi(V(Xo; T4)) C X\ containing the singular point of X\. 



7. Example: Cox rings with a single relation 

Here we apply the results on toric ambient modifications to Cox rings defined by a 
single relation. We give a simple criterion for neat controlled ambient modifications 
in this setting, and we explicitly determine the resulting Cox rings; this can be used 
to construct new factorial hypersurfaces out of given ones. As a concrete example, 
we perform the minimal resolution of a singular del Pezzo surface via toric ambient 
resolution. 
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The setup of this section is the following. Let Kq be a finitely generated abelian 
group, and endow the polynomial ring K[Ti, . . . , T r ] with a /To-grading by setting 

deg(Tj) := Wi, where w\, ... ,w r G Kq. 

Set Zo := IK'' and Hq := Spcc(]K[A'o]), and suppose that Zo — > Zo = Zq//Hq are the 
data of a toric Cox construction. Then Zq — > Zq is given by a map Eo — > Eo of fans 
living in lattices Fq = IT and Nq. We assume that So is a maximal projcctablc 
fan; in particular, Eo cannot be enlarged without adding new rays. 

Let /o G K[Ti,...,T r ] be homogeneous with respect to the ^-grading and 
suppose that it defines a factorially Xo-graded residue algebra 

R := K[T u ...,T r ]/(f ) 

such that the classes Tj + (/q) are pairwise nonassociated _Ko _ P r i me elements in R. 
Consider 

X := V(J ), X := I n4 X := * /fT C Z . 

Then Xq is a normal variety having the iJo-varicty Xq as its total coordinate space, 
and Xo — > Zo is a neat embedding, sec Proposition l3.14l 

Let vi, . . . , v r be the primitive lattice vectors in the rays of Eo- We suppose that 
for 2 < d < r, the cone oo generated by v\ , . . . , Vd belongs to Eo and consider the 
stellar subdivision Ei — > Eo at a vector 

Woo = a\V\ H ha^. 

Denote the index of this subdivision by moo and the associated toric modification 
by 7r : Z\ — > Zo . Then we obtain the strict transform Xi C Zi mapping onto 
Xo C Zo. Moreover, as in Section El we have the commutative diagrams 

Zj Fx 



Zi 



Zi 



Z, 





Zi 



/Hi 




Zi Z Xi ^ x 

where E\ = Spec(K[ifi]) for Ki = E\JM\ in analogy to K = E /M ; see Section[5] 
for the notation. In particular, the Cox ring K[Ti, . . . , T r , Too] of Z\ comes with a 
-f^i-grading. Recall moreover, that with respect to the coordinates corresponding 
to the rays of the fans Ej, the map 7f : Z\ — > Zo is given by 

7f(zi,...,Z r ,0oo) = {Z^ZI, . . . ,Z^Z d ,Zd+l, ■ ■ ■ ,Zr). 

We want to give an explicit criterion for Z\ — > Zq to be a neat controlled ambient 
modification for Xq C Zo, and, in this case, describe the total coordinate space of 
Xi explictily. For this, consider the grading 

a,i i < d, 
i>d + l. 



K[Ti 



. T r] = K[Ti, . . . , T r ] fc , where deg(T i ) := J 

fc>0 I 



Then we may write /o = gk + • • • + 9k m where fco < • • • < k m and each is a 
nontrivial polynomial having degree ki with respect to this grading. 

Definition 7.1. We say that the polynomial /o G Kpi, . . . ,T r ] is admissible if 
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(i) the toric orbit x T r - d intersects X = V{f ), 

(ii) gk is a if i -prime polynomial in at least two variables. 

Note that for the case of a free abelian group K\, the second condition just 
means that gk is an irreducible polynomial. 

Proposition 7.2. If, in the above setting, the polynomial fo is admissible, then 
the following holds. 

(i) The toric morphism Z\ — ► Zq is a neat controlled toric ambient modifica- 
tion for Xq C Zq and X\ C Z\ . 

(ii) The strict transform X± C Z\ is a neatly embedded normal subvariety with 
total coordinate space X\ and Cox ring 

TZ(Xx) = K[T 1 ,...,T r ,T 00 ]/(f 1 (T 1 ,...,T r , "V^)), 
where in 

r fo(T££Tl, ■ ■ ■ , T^Td, id+l, . . . , T r ) W !rp rp rp 1 

h ■= 7fk e K[l 1 ,...,l r ,l oc \ 

only powers T^™ 00 with I > o/T>o occur, and the notation mq ^/7oo means 
replacing T^ l °° with T^ in fx- 

Lemma 7.3. Suppose that the polynomial ring K[Ti, . . . , T r , Too] is graded by some 
finitely generated abelian group K\. Let fx = gToo + h G K[Ti, . . . , T r , Tx>] oe 
irreducible with g £ K[Tt, . . . , T r , Too] cind a K\-prime h € K[Ti, . . . , T r ]. Then, 
for X~x := y(/i) and ifi := Spec(K[ifi]), the intersection Xx n V(Tco) is ifi- 
irreducible, and Sing(Xi) n V(Too) is a proper subset of Xi n V(Too). 

Troo/. We only have to show that A := V^, fx, dfx/dT x , . . . , dfx/dT^) is a 
proper subset of B := V(fx,T OQ ). A simple calculation gives 

f dg dh dg dh dg 
grad(/i) = I ^t- Too + —,..., —Too + —, ^Too +g 

Thus, setting Too = 0, wee see that A = B implies vanishing of grad(/i) along V(h). 
This contradicts to the assumption that h is ifi-prime. □ 



Proof of Proposition \ 7. 8\ We first show that Xx C Zx is normal. Recall that 
k: Y\ —f X is a good quotient for the K*-action on Y\. Outside ViT^), this 
action is free and Yx locally splits as Xq x K*. In particular, Y x \ ^(Too) inherits 
normality from Xq. Let Tq C Xq and Ti C X\ be the big tori. Then we have 



Yx = k-^XqHTq) = V(Tx;l?f ) = V(Zx;fx). 

Combining this with Lemma 17.31 we see that Y \ is regular in codimension one. 
Thus, Serre's criterion shows that Yx is normal. Moreover, the group C moo of roots 
of unity acts on Zx via multiplication on the last coordinate, and Yx is invariant 
under this action. Thus, fx is C moo -homogeneous. Writing 

^ g ki (T£Tx, TgT d , T d+1 , ...T r ) 



fi 

i=0 



l_ — J rpko 
-L OO 



we see that the gfc -term is invariant under C moo , and hence the others must be as 
well; note that in different gk it the variable T>o occurs in different powers. Thus, 
only powers T^°° of Txj occur in fx- Now, Xx is the quotient of Y \ by the action 
of C TOdo . Consequently, Xx is normal, and we obtain 

Xx = V(Zx;fx(Tx,...,T r , m ^/fZ)). 

Now the assertions drop out. First, as a quotient of the normal variety Xx C Xx, 
the variety Xx is again normal. Since XinV r (T 00 ) is Hi -irreducible, the exceptional 
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locus of X\ — > Xo, as the image of X\ D V(Too) under the quotient X\ — > X\ by 
is irreducible. Moreover, note that 

TtX^O)j{T^) = K[T 1 ,...,T r ,T 00 ]/(f 1 ,T 00 ) £* K[T U . . . , T r ]/(g ko ). 

We can conclude that the restriction of to X\ provides a local equation for 
X\ n ViToo)- Thus, we verified all conditions for Z\ — > Zq to be a neat ambient 
modification. Consequently, Corollarv l5.10l shows that X\ is the total coordinate 
space of X\. □ 

Proposition 17.21 may as well be used to produce multigraded factorial rings, as 
the following statement shows. 

Corollary 7.4. The ring R := K[T l: ...,T r , T 0o ]/(/ 1 (Ti, ...,T r , m VIQ) in Propo- 
sition \7.S\ is factorially K\ -graded. Moreover, if Kq is torsion free, then R is even 
factorial. 

As an example, we consider a Q-factorial projective surface Xq with a single sin- 
gularity, and resolve this singularity by means of toric ambient resolution, showing 
thereby that Xo is a singular del Pezzo surface. 

Example 7.5. We consider once more the Q-factorial projective surface arising 
from the bunched ring (R,$, $) of 14.171 This time, we call it Xq. Recall that we 
have 

R = K[T 1 ,...,T 5 ]/(r 1 T 2 + r 3 2 + T 4 T 5 ), 

the system J consists of the classes Tj € R of Ti £ K[Ti, . . . , Ts]. Moreover, the 
l^o-grading of R is given by deg(Ti) := Wi, with the columns Wi of the matrix 




1-10-11 
1 11 2 



and the J-bunch $ consists of the ample cone r = cone(ui 2 , W5). As in 16.101 wc 
take the toric variety Zq defined by the GIT-cone generated by W2 and W3 as the 
toric ambient variety of X . Then the columns V\, . . . , V5 of 

10-1 10" 
1-1-10 
-10-1 1 

generate the rays of £0, an d the maximal cones of So a^e explicitly given as 

cone(i;i,U2,V3), cone(ui, V2,vs), cone(i>i, v 3 , V4), 

cone(«i,«4,U5), cone(u 2 , v 3 , v 5 ), cone(w 3 , w 4 , v 5 ). 

Note that Xq inherits its singularity from Zo; it is the toric singularity corresponding 
to the cone generated by v\, v 3 and v^. In view of Corollary 14. 131 we may obtain a 
resolution of the singularity of X by resolving the ambient singularity. 

Resolving the toric ambient singularity coresponding to cone(wi, V3, V4) means 
to successively subdivide this cone along the interior members of the Hilbert basis. 
These are v§ := (0,-1,-1) and v-j := (1,-1,-1); note that the order does not 
influence the result on the resolution obtained for Xo- 

Wc start with subdividing in vq = (0,-1,-1). Up to renumbering coordinates, 
we are in the setting of Proposition 17.21 Note that the index of this subdivision 
is m 6 = 3. The pullback relation on ~Z X is T X T 2 + XfTf + T 4 T 5 . Dividing by the 
C3-action, we obtain 

h ■= T^+TiTe + nn e K[Ti,...,T 6 ]. 



Po := 



COX RINGS AND COMBINATORICS II 



41 



for the relation in the Cox ring of the modified surface X\ C Z\ . This still has a 
singular point, namely the toric fixed point corresponding to the cone generated by 
v\ , V4 and vq . 

In the next step, we have to subdivide by Vf. Note that now we have index 
m 7 = 2. The pullback relation on Z 2 is T X T 2 + T 3 2 T 6 3 + T 4 T 5 . It doesn't depend on 
the new variable T7, hence, dividing by the C2-action, we get 

h ■= T^+T^Te + TiTs e K[Ti,...,T 7 ] 

for the defining relation of the Cox ring of the modified surface X 2 C Z 2 ■ In order 
to see that X 2 — ► Xo is a resolution, we need to know that X 2 is smooth. But this 
is due to the fact that the singular locus of X 2 is described by T@ = and w§ is 
exceptional. Note that the grading of the Cox ring of X 2 is given by assigning to 
Ti the z-th column of the matrix 



1 


-1 





-1 


1 











I 








1 


I 





1 





1 





1 


-I 
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